Partial Differential Equations AMA3006 Problem sheet 2
Variable separation method.
Examples

1. Using variable separation, solve Laplace’s equation V?u = 0 in two dimensions using plane

polar coordinates,
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and show that a solution of this equation can be constructed as

u(r,p) =Clnr+ D+ Z(An cosny + By, sinng)(E,r" + F,r™"),

n=1

where C', D, A,, B,, E, and F}, are arbitrary constants.

2. Prove that
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for integer n, m > 0, where 0, = 1 for n = m, 0 for n # m, is the Kronecker delta symbol.
Homework problems

1. Using the form u(z,t) = v(x)q(t), solve the one-dimensional wave equation,
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for the string of length [ (0 < x < [) with boundary conditions u(0,t) = 0, u,({,t) = 0
(i.e., fixed end at x = 0 and “free” end at x = [).

=0,

Hence, show that the string can execute harmonic vibrations described by
u(x,t) = Asin [w(n + )z /1] cos(wyt + @),
with frequencies w,, = mc(n + %) /l,n=0,1,..., and arbitrary amplitude A and phase ¢.

2. A rope of length [ and linear mass density p hangs freely along the z axis under gravity
(acceleration g). The bottom end of the string lies at = = 0 and the top at = = [.

(a) Using the approach used for the string, show that the dis-
x= | LLLLL S placement u(z,t) of the rope satisfies the equation
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[Hint: at point x the tension force in the rope is T' = gpz.]

(b) Seeking solution of Eq. (4) in the form u(x,t) = v(z)q(t),

N u(xt) find ¢(t) and show that v(z) satisfies the equation
d? d 2
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where —w? is the separation constant.
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(c) Introduce a new independent variable £ = /7, i.e., z = £2/a?, where « is a constant,
and show that Eq. (5) takes the form

d*>v  1dv
d—€2 + Ed_f +v= 0, (6)
if one chooses o = 2w/,/g."

(d) Equation (6) is the Bessel equation for m = 0, whose regular solution is Jy(¢). Hence,
show that the solutions v(z) of Eq. (5) such that v(0) is finite and v(l) = 0, are

v(z) = A, <z0,n %) n=12 ..., (7)
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(e) Combining the results from (a)—(d), show that the hanging rope executing harmonic
motion with frequency w,, is described by

u(z,t) = AJy (zo,nﬁ) cos(wpt + @),

where ¢ is an arbitrary initial phase.

where A is an arbitrary constant, zg,, is the nth root of Jy(z), and w = w,, =

3. Consider the one-dimensional heat equation for 0 < x < (rod of length 1),
uy — Kz, = 0. (8)

(a) Show that when the rod is in thermal equilibrium (i.e., the temperature does not
change with time, du/0t = 0), the time-independent (or stationary) solution of Eq. (8),
us(z), which satisfies the boundary conditions us(0) = T, us(l) = T, is

US(ZL') = Tl + (Tg — Tl)l'/l (9)
(b) Show that if ug(z,t) is a solution of Eq. (8) with u(0,t) = ug(l,t) = 0, then u(x,t) =
uo(z,t) + us(z) satisfies Eq. (8) with boundary conditions u(0,t) = T4, u(l,t) = Ts.
(c¢) Using

up(x,t) = Z B, sin #e_("z’rz/ﬂ)m, (10)
n=1

show that the solution which satisfies u(0,t) = T3, u(l,t) = T3 and the initial condition
u(z,0) = f(x), is

u(z,t) =Ty + (To — T1)x/l + Z B, sin n—zme_("zﬂ/ﬂ)m, (11)
n=1

!
where B, — % / sin "7 [f(r) ~ Ty — (> ~ To)a/l]d.
0

4. Using the method of separation of variables, solve the two-dimensional wave equation in
Cartesian coordinates for a rectangular membrane (0 < x < a, 0 < y < b) with fixed
edges, u(0,y,t) = u(a,y,t) = u(x,0,t) = u(z,b,t), and show that the membrane executes
harmonic motion with frequencies wyy, = mc(n?/a® + m?/b?)Y/2, where n,m = 0, 1, 2,.. .,
and described by u(x,y,t) = Asin(nmz/a)sin(mmy/b) cos(wpmt + ¢).

dv  dvde o dPv <d§>2 dv d2¢
dx

'Hint: use chain rule to transform the derivatives, pri d_fﬁ’ pri & d_ﬁw
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