
Partial Differential Equations AMA3006 Problem sheet 9

Normal forms of 2nd-order linear and quasi-linear PDE.

A second-order linear or quasi-linear1 equation in two variables, x and y,

auxx + 2buxy + cuyy + g(x, y, u, ux, uy) = 0, (1)

where a, b and c are functions or x and y, can be transformed to new independent variables,

ξ = φ(x, y), η = ψ(x, y), (2)

using the following expressions for the derivatives,

ux = uξφx + uηψx, uy = uξφy + uηψy, (3)

uxx = uξξφ
2
x + 2uξηφxψx + uηηψ

2
x + uξφxx + uηψxx (4)

uxy = uξξφxφy + uξη(φxψy + φyψx) + uηηψxψy + uξφxy + uηψxy (5)

uyy = uξξφ
2
y + 2uξηφyψy + uηηψ

2
y + uξφyy + uηψyy. (6)

Equation (1) thus assumes the form

αuξξ + 2βuξη + γuηη + g̃(ξ, η, u, uξ, uη) = 0, (7)

where the new coefficients are

α = aφ2
x + 2bφxφy + cφ2

y, (8)

β = aφxψx + b(φxψy + φyψx) + cφyψy, (9)

γ = aψ2
x + 2bψxψy + cψ2

y . (10)

They obey the following relation (verify!)

β2 − αγ = (b2 − ac)(φxψy − φyψx)
2. (11)

Consider an auxiliary quadratic equation,

aλ2 + 2bλ+ c = 0, (12)

with discriminant ∆ = b2 − ac and roots λ1,2 =
1

a
(−b±

√
∆). Depending on ∆, the PDE is:

• Hyperbolic, ∆ > 0. For the normal form we require α = γ = 0; ξ and η are found by solving

φx − λ1φy = 0, ψx − λ2ψy = 0. (13)

and the PDE is written in the normal form as uξη + · · · = 0.2

• Parabolic, ∆ = 0. For the normal form we require α = β = 0; the variable ξ is found from

aφx + bφy = 0,

and η is arbitrary, such that γ 6= 0 (e.g., η = x). The normal form reads uηη + · · · = 0.

• Elliptic, ∆ < 0. Equation (12) has complex conjugate roots. Solving the first of equations
(13) we find a complex ξ, and set η = ξ∗. Regarding these variables as independent, we
obtain the PDE in the complex normal form uξη + · · · = 0.

Introducing real variables, ρ =
ξ + η

2
and σ =

ξ − η

2i
, we obtain 4uξη = uρρ + uσσ, and

arrive at the elliptic PDE in the real normal form, uρρ + uσσ + · · · = 0.

Examples of the hyperbolic, parabolic and elliptic PDE are, respectively, the wave equation,
utt − c2uxx = 0, the heat equation, ut −Kuxx = 0, and the Laplace equation, uxx + uyy = 0.

1Quasi-linear means that the equation is linear with respect to the 2nd-order derivatives.
2To solve equation of the form ∂φ

∂x
+ p(x, y)∂φ

∂y
= 0, write the solution of dy

dx
= p(x, y) as φ(x, y) = const.
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Examples

1. Determine the types of the equations and reduce them to normal forms:

2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0,

x2uxx + 2xyuxy + y2uyy − 2yux + yey/x = 0.

2. Transform the equation into the normal form in each domain where its type is preserved:

uxx + xuyy = 0.

3. Reduce to the normal form and solve subject to the boundary conditions:

y(x− y2)(4y2uxx − uyy) = 8y3ux + (5y2 − x)uy, u(0, y) = −y2, ux(0, y) = 1.

Homework problems

1. Determine the types of the following equations and reduce them to normal forms:

(a) uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0

Answer: parabolic, uηη + 18uξ + 9uη − 9u = 0, ξ = x+ y, η = x.

(b) uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0

Answer: hyperbolic, uξη − 2uξ + uη + ξ + η = 0, ξ = x+ y, η = 2x− y.

(c) uxx + 2uxy + 5uyy − 32u = 0

Answer: elliptic, complex uξη − 2u = 0, ξ = y − (1 − 2i)x, η = y − (1 + 2i)x; real
uρρ + uσσ − 8u = 0, ρ = y − x, σ = 2x.

2. Transform the equation into the normal form in each domain where its type is preserved:

uxx + yuyy = 0.

Answers:

y < 0, hyperbolic, ξ = x+ 2
√−y, η = x− 2

√−y, uxx + yuyy = 4uξη + 2
ξ−η

(uξ − uη) = 0;

y > 0, elliptic, ξ = x+ 2i
√
y, η = x− 2i

√−y, and ρ = x, σ = 2
√
y, uρρ + uσσ − 1

σ
uσ = 0.

3. Show that uxx + 2xuxy + x2uyy = 0 is parabolic, and reduces to the normal form:

4(η − ξ)uηη + uη − uξ = 0,

where ξ is chosen appropriately and η = y + x2/2.

4. Reduce uxx−uyy = 16xy to normal form. [Answer: uξη = η2−ξ2, ξ = y+x, η = y−x.] Show
that its general solution is u = 1

3
ξη(η2− ξ2)+ g(ξ)+h(η), with arbitrary g and h. Find the

solution u(x, y) which satisfies u(0, y) = 2y2, ux(0, y) = 0. [Answer: u = 8
3
x3y+ 2y2 + 2x2.]

5. Find the general solution of the equation uxx+4uyy = 8xy. Find also the particular solution
for which u(0, y) = y2, ux(0, y) = 0. [Answer: u = 4

3
x3y + y2 − 4x2.]

6. Reduce the equation

y2uxx − 2xyuxy + x2uyy =
y2

x
ux +

x2

y
uy

to the normal form, and hence solve it.

7. Determine the type of the PDE and reduce it to the normal form:

uxx + 2 sin xuxy − (cos2 x− sin2 x)uyy + cosxuy = 0.

[Answer: PDE is hyperbolic for x 6= π(n+ 1
2
), n ∈ Z, uξη + ξ−η

2[4−(ξ−η)2]
(uξ − uη) = 0, where

ξ = y + cosx+ sin x, η = y + cosx− sin x.]
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