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Abstract

The zero-range potential model is used to investigate positron collisions and annihilation with molecules. The Kr2
dimer is considered as an example. It is shown that (i) although positrons do not bind to individual Kr atoms, they do

form bound states with Kr2. (ii) A sequence of vibrationally excited states of the positron–molecule complex extends

into the positron continuum, where it manifests as vibrational Feshbach resonances. (iii) These resonances give a very

large contribution to the positron annihilation rate. Even after averaging over the thermal positron energy distribution,

the contribution of the lowest Feshbach resonance exceeds that of the non-resonant background by an order of

magnitude. � 2002 Elsevier Science B.V. All rights reserved.

PACS: 34.50.)s; 78.70.Bj; 71.60.+z; 36.10.)k

1. Introduction

The aim of this paper is to show that when low-
energy positrons collide with molecules they can
be captured in vibrational Feshbach resonances,
which leads to strong enhancement of the positron
annihilation rate.

It has been known for about 50 years that
positron annihilation rates in many polyatomic
molecular gases are extremely large [1–6]. This fact
is most obvious when one expresses the positron
annihilation rate k in terms of an effective number
of electrons, Zeff , which contribute to the annihi-
lation on a given atom or molecule [7],

k ¼ pr20cZeffn; ð1Þ

where n is the number density of the gas, r0 is
the classical electron radius and c is the speed of
light. The value of Zeff for many molecules is
much higher than the actual number of electrons
in the molecule, in some cases by up to five orders
of magnitude, e.g. for antracene C14H10, Zeff ¼
4:3 � 106 [8]. It also displays a very rapid increase
with the size of the molecule, e.g. for hydrocarbons
CnH2nþ2, Zeff / n6 [6,9]. Such an increase is just
one manifestation of strong chemical sensitivity of
Zeff .

There are two main effects which enhance Zeff

[9,10]. The first one, originally considered in [11],
operates when the positron has a low-lying virtual
or weakly bound state with the target. This causes
an enhancement of the positron density near the
molecule, thereby increasing the annihilation rate.
Note that this increase is matched by a similar
increase of the elastic scattering cross-section [12].
This type of enhancement may take place for both
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atoms and molecules. In particular, it is respon-
sible for large values of Zeff in heavier noble-gas
atoms [13–15].

The second mechanism which operates for
molecules only involves capture of the positron
into a (quasi)bound positron–molecule state. It
was often assumed that such process might be
behind the anomalously large annihilation rates
[5,16–18]. However, the details of this mechanism
are only becoming clear now [9,10]. In particular,
it seems certain that low-energy positron capture
works only for the molecules which form bound
states with the positron. Secondly, the capture
process must involve energy transfer between the
electron–positron degrees of freedom and nuclear
motion. This means that a positron–molecule
complex possesses a complex spectrum of vibra-
tional Feshbach resonances (VFRs). 1 Thirdly,
the positron annihilation rate is proportional to
the energy density of the VFRs populated in the
process of capture, rather than to their lifetimes.
Finally, for low-energy positrons the capture
process can be strongly affected by selection rules
and hence depend on the symmetry of the mole-
cule.

Recently direct experimental evidence which
links large annihilation rates with molecular vi-
brations has been obtained [20]. It reveals some
details of positron coupling to the vibrationally
excited states of the positron–molecule complex.
In particular, this work indicates that positron
capture by alkanes is enhanced in the vicinity of
the C–H vibrational modes. This means that these
modes may act as doorways into more compli-
cated molecular vibrations.

There were several calculations of positron–
molecule scattering and annihilation, which took

into account molecular vibrations [21]. However,
the simple molecules studied have small Zeff . They
are unlikely to support positron bound states, and
the VFR annihilation mechanism is irrelevant for
them. On the other hand, for larger molecules with
experimental Zeff > 103 the calculations neglecting
vibrations strongly underestimate the annihilation
rates [22,23]. 2

In this paper we use a simple zero-range po-
tential model to study the effect of vibrations on
positron scattering and annihilation on a dimer,
Kr2. Kr2 is a somewhat exotic van der Waals
molecule whose binding is ensured by the long-
range�C6=R6 attraction. However, owing to a large
equilibrium interatomic distance (R0 ¼ 7:56 a.u.
[24]) and weak interaction between the atoms, it
is also the system where the zero-range model is
more realistic. We will see that with a reasonable
choice of parameters this model shows that Kr2
has a bound positron state and possesses a series
of VFRs. The latter gives rise to a strong en-
hancement of Zeff , as described above.

The zero-range potential model is a standard
tool for studying collisional processes [25]. Its use
is justified when the problem has two energy
scales. For example, when the projectile (positron)
energy is small compared to the internal energy of
scatterers (atoms). For light-particle scattering it
means that the projectile wavenumber k is much
smaller than the inverse radius of the scatterer,
k � R�1

at . In this case one can approximate the
interaction of the projectile with each scatterer by
a boundary condition imposed on the projectile
wavefunction at the scatterer. This simplification
usually allows one to advance much further
analytically and get the answers with a minimal
amount of numerical computation. As a result, the
underlying physics of the problem remains trans-
parent and a thorough qualitative and, possibly,
quantitative understanding can be achieved.

The zero-range approximation was used before
to study collision processes involving negative
ions, electron–molecule scattering and dissociative

1 Vibrational Feshbach resonances describe the states of the

positron–molecule complex where the positron is bound to the

vibrationally excited levels of the molecule in the electronic

ground state. They lie below the corresponding vibrational

excitation thresholds of the molecule. If the coupling between

the light particles (electrons and positron) and nuclear motion

were switched off, these resonances would become true bound

states. This description of the VFR is in agreement with their

understanding in the context of electron–molecule scattering

[19].

2 To eliminate a computational error the values of Zeff

reported in [22] must be divided by Z, the number of electrons

in the molecule.
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attachment (see, e.g. [26–28]). It was also used
recently to model positron binding to methane and
its fluorosubstitutes [29].

2. Zero-range model for positron–atom interaction

Let us first consider the interaction of a posi-
tron with an isolated Kr atom. As mentioned
in Section 1, the dynamics of positron–atom in-
teraction at small distances is characterised by
atomic-sized energies. As a result, for a low-energy
positron the wavefunction at small distances does
not depend on the positron energy, except through
a normalisation factor. When the positron is out-
side the atom the wavefunction of the system is
simply a product of the ground-state atomic
wavefunction and the positron wavefunction w.

This allows one to represent the effect of the
interaction between the positron and the atom by
a simple boundary condition,

1

rw
dðrwÞ
dr

����
r!0

¼ �j0; ð2Þ

where j0 is a parameter. 3 This boundary condi-
tion can be integrated to give the asymptotic form
of the wavefunction at small r,

w ’ const
1

r

�
� j0

�
; ð3Þ

which is an equivalent form of (2). Of course, the
true value of j0 can be determined only by doing a
full many-body calculation for the positron–atom
system.

Outside the atom the positron is free and its s-
wave wavefunction is w / r�1 sinðkr þ d0Þ, where
k is the momentum (atomic units �h ¼ me ¼ jej ¼ 1
are used) and d0 is the phase-shift. Using this
wavefunction in (2) one obtains

tan d0 ¼ � k
j0

ð4Þ

and the s-wave scattering amplitude

f � e2id0 � 1

2ik
¼ � 1

j0 þ ik
: ð5Þ

For small momenta d0 ’ �k=j0 � �ak, where a is
the scattering length [12], hence the zero-range
parameter j0 � a�1. The values of the scattering
length for positron on Kr obtained in polarised
orbital calculations [13], a ¼ �10:37 a.u., and
many-body theory calculations [15], a ¼ �9:1 a.u.,
are close. It means that j0 ¼ �0:1 is a reasonable
choice for Kr. The applicability of the zero-range
approximation at low positron momenta is illus-
trated by Fig. 1.

Eq. (5) shows that for k ¼ 0, f ¼ �1=j0 � �a.
Since jj0j � 1 a.u. for Kr, the corresponding
elastic scattering cross-section at zero energy,
r ¼ 4pa2, is much larger than the geometric size of
the atom. The situation where a is anomalously
large negative is usually described by saying that
the system has a low-lying virtual s level at the
energy e ¼ 1=ð2a2Þ [12]. On the other hand, an
anomalously large positive value of a would mean
that there is a weakly bound s state. Indeed,
for j0 > 0 the amplitude (5) has a pole at the
imaginary momentum k ¼ ijkj ¼ ij0. The energy

3 Boundary condition (2) constitutes the zero-range approx-

imation. The fact that it is set at r ¼ 0, rather than at some finite

atomic radius Rat is justified at low projectile momenta,

kRat � 1. Indeed, for such k the atomic radius is much smaller

than the projectile de Broglie wavelength k ¼ 2p=k, Rat � k,
and can be considered as ‘‘zero’’.

Fig. 1. s-wave phase-shift for positron–Kr scattering. Solid

circles are the results of a polarised-orbital calculation [13],

solid line is the zero-range model phase-shift, Eq. (4), with

j0 ¼ �0:1.
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of the bound state is e ¼ k2=2 ¼ �j2
0=2, and the

bound-state wavefunction w / r�1 expð�j0rÞ sat-
isfies (2).

Positron virtual levels, as well as weakly bound
states, lead to enhanced annihilation rates at small
positron momenta [11,14]. The zero-range ap-
proximation is especially suited for systems with
virtual levels or weakly-bound states (jj0j � Rat),
because many of their properties are determined
by the behaviour of the wavefunction outside the
target. We will now use this property and develop
an approximation which allows one to calculate
Zeff using the zero-range positron wavefunction w.

It follows from the definition (1) that for a
system of Z electrons,

Zeff ¼
Z XZ

i¼1

dðr� riÞ

� jWkðr1; . . . ; rZ ; rÞj2 dr1    drZ dr; ð6Þ

where ri and r are the coordinates of the electrons
and positron, respectively and Wkðr1; . . . ; rZ ; rÞ is
the total wavefunction of the system [7,10]. It de-
scribes scattering of the positron with initial mo-
mentum k from the atomic or molecular target in
the ground state U0, and is normalised as

Wkðr1; . . . ; rZ ; rÞ ’ U0ðr1; . . . ; rZÞ eikr
�

þ fkk0
eikr

r

�
;

r � Rat; ð7Þ

where fkk0 is the positron scattering amplitude.
As seen from Eq. (6), the annihilation rate is

determined by the positron density at the elec-
trons. The latter are mostly confined to the volume
of the target. This region is characterised by strong
Coulomb interactions between the particles. As a
result, for small positron energies e the wavefunc-
tion W inside the target depends on e only through
its normalisation (7). Therefore, it is proportional
to the scattered positron wavefunction

w ’ eikr þ fkk0
eikr

r
: ð8Þ

Thus, we can write an approximate formula

Zeff ¼
Z

qðrÞjwðrÞj2d3r; ð9Þ

where qðrÞ is an effective electron density which
accounts for the effects of short-range correlations
between the annihilating particles. 4

At small positron energies the scattering is
dominated by the s-wave. In the zero-range ap-
proximation the scattering amplitude is given by
Eq. (5) and the wavefunction w actually coincides
with its asymptotic form (8) at all r > 0,

w ¼ eikr þ f
eikr

r
: ð10Þ

For jj0j � Rat the second term on the right-hand
side of Eq. (10), which represents the scattered
wave, is much greater than the first incident-wave
term near the target. If we neglect the latter the
true radial dependence of the electron density in
(9) becomes unimportant, since the result depends
on a single parameter

R
qðrÞr�2 d3r. Mathemati-

cally, it is more convenient to introduce the ‘‘zero-
range electron density’’

qðrÞ ¼ Zð0Þ
eff j

2
0

4p
dðr � reÞ; re ! 0; ð11Þ

and use it in Eq. (9) together with the zero-range
wavefunction (10). Taking into account (5), we ob-
tain

Zeff ¼ Zð0Þ
eff

j2
0

j2
0 þ k2

: ð12Þ

In this form it is clear that the parameter Zð0Þ
eff has

the meaning of Zeff at zero positron energy.
It is worth noting that the momentum depen-

dence of ZeffðkÞ is the same as that of the zero-
range model elastic scattering cross-section

rel ¼ 4pjf j2 ¼ 4p
j2

0 þ k2
: ð13Þ

This is also true in general (i.e. without any model
assumptions) for systems with virtual or weakly
bound positron states, jj0j � Rat, as was first
pointed out in [11] (see also [9,10]).

4 Such approximation is often used for positron annihilation

studies in condensed matter and was applied to positron

annihilation on molecules [21]. However, if one neglects short-

range correlations and uses the true electron density qðrÞ the

value of Zeff is usually grossly underestimated.
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The applicability of Eq. (12) to positron anni-
hilation on Kr is illustrated in Fig. 2. The value of
Zð0Þ

eff ¼ 81:6 is used to match the results of the po-
larised-orbital calculation [13], which gives Zeff in
good agreement with experiment [4,30]. Note that
the enhancement of Zeff at small positron mo-
menta and its rapid drop at kJ jj0j are directly
related to the existence of the positron–Kr virtual
level [15].

3. Positron interaction with a molecule

3.1. Wavefunction in the zero-range approximation

Let us consider the interaction of the positron
with a diatomic molecule, and let R1 and R2 be the
coordinates of the two atomic nuclei. In the zero-
range approximation the positron wavefunction is
that of free motion for r 6¼ R1;R2. In the scattering
problem this wavefunction may contain terms
representing the incident positron plane wave and
scattered positron spherical waves (cf. Eq. (10)).

Suppose the positron is incident with momen-
tum k0 on the dimer in the ground state U0. The
positron–molecule wavefunction outside the atoms
can be written in the form of a linear combination
with coefficients An and Bn [31],

W ¼ eik0rU0ðRÞ þ
X
n

AnUnðRÞ
eiknjr�R1j

jr� R1j

þ
X
n

BnUnðRÞ
eiknjr�R2j

jr� R2j
; ð14Þ

where k0 is the incident positron momentum, Un is
the nth (vibrational) state of the molecule, and
R ¼ R1 � R2 is the interatomic distance. The two
sums on the right-hand side represent scattering
events which leave the molecule in the nth excited
state, and kn is the corresponding positron mo-
mentum (see below).

It is easy to check that the wavefunction (14)
satisfies the Schr€oodinger equation�
� 1

2
Dr �

1

2l
DR þ UðRÞ

�
W ¼ k2

0

2

�
þ E0

�
W;

ð15Þ
where l is the reduced mass of the atoms, UðRÞ is
the molecular potential energy, E0 is its ground-
state energy, Un are the eigenstates of the mole-
cular Hamiltonian,�
� 1

2l
DR þ UðRÞ

�
UnðRÞ ¼ EnUnðRÞ; ð16Þ

and the positron momenta obey energy conserva-
tion

k2
0

2
þ E0 ¼

k2
n

2
þ En: ð17Þ

The channels with En � E0 < k2
0=2 are open and

the corresponding momenta kn ¼ ½k2
0 � 2ðEn�

E0Þ�1=2 are real. For closed channels, En � E0 >
k2
0=2, the momenta are imaginary, kn ¼ ijk2

0�
2ðEn � E0Þj1=2, and the corresponding exponents in
Eq. (14) do not contribute to the outgoing posi-
tron wave.

Note that in (15) we neglect the terms produced
by the action of the nuclear kinetic-energy opera-
tor on the wavefunction of the light particle, since
they are suppressed by the large atomic mass l.

In what follows we also neglect the effect of
rotation of the molecule and assume that the
atoms move along a fixed straight line. In the low-
energy collision processes of interest the positron
wavefunction is dominated by the s-wave. This
means that the angular momentum of the molecule

Fig. 2. Zeff in positron collisions with Kr. Solid circles are the

results of a polarised-orbital calculation [13], solid line is the

zero-range model approximation, Eq. (12), with j0 ¼ �0:1 and

Zð0Þ
eff ¼ 81:6.
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is unlikely to change during the collision. 5 Given
that molecular rotation is a slow process we can
consider the molecular axis as fixed.

The wavefunction (14) must satisfy the zero-
range boundary condition (3) at each of the two
atoms, R1;2 ¼ �R=2 (choosing the origin at the
centre of mass),

Wjr!Ri
’ const

1

jr� Rij

�
� j0

�
: ð18Þ

Multiplying the resulting equation by U�
nðRÞ and

integrating over the nuclear coordinates, one ob-
tains a set of linear equations for the coefficients
An and Bn,

ðj0 þ iknÞAn þ
X
m

eikmR

R

� �
nm

Bm ¼ � eik0nR=2
	 


n0
;

ð19Þ

ðj0 þ iknÞBn þ
X
m

eikmR

R

� �
nm

Am ¼ � e�ik0nR=2
	 


n0
;

ð20Þ

where n is a unit vector along the molecular axis,
ð  Þnm are matrix elements between molecular
vibrational states, e.g.

eik0nR=2
	 


n0
¼

Z
U�

nðRÞeik0nR=2U0ðRÞdR; ð21Þ

and the wavefunctions UnðRÞ are solutions of the
one-dimensional Schr€oodinger equation�
� 1

2l
d2

dR2
þ UðRÞ

�
UnðRÞ ¼ EnUnðRÞ: ð22Þ

Eqs. (19) and (20) yield the coefficients An and Bn

which determine the scattering wavefunction (14)
and all observable quantities (see Section 3.2).

For an arbitrary molecular potential UðRÞ the
wavefunctions UnðRÞ and matrix elements which
appear in Eqs. (19) and (20) have to be found
numerically. However, if we use the harmonic
approximation the matrix elements involving mo-

lecular vibrational states can be evaluated analyt-
ically, see Appendix A.

3.2. Cross-sections and Zeff

The wavefunction (14) at large positron–mole-
cule separations contains the positron plane wave
incident on the ground-state molecule, and a sum
of outgoing spherical waves in the open channels,

W ’ eik0rU0ðRÞ þ
X
n

fnðn0Þ
eiknr

r
UnðRÞ; ð23Þ

where

fnðn0Þ ¼ Ane
�iknn0 R0=2 þ Bne

iknn0 R0=2 ð24Þ

is the amplitude of elastic (n ¼ 0) or inelastic vib-
rational excitation (n > 0) scattering, n0 is a unit
vector in the direction of the final-state positron
momentum and R0 ¼ nR0.

The total elastic (n ¼ 0) and vibrational exci-
tation cross-sections are obtained by integration
over the directions of the scattered positron,

r0!n ¼
kn
k0

Z
jfnj2 dn0 � 4p

kn
k0

jAn þ Bnj2; ð25Þ

the last expression being valid at low positron
momenta, knR0 < 1, when the cross-section is iso-
tropic.

The positron annihilation rate for the molecule
is found by calculating the overlap of the positron
density jWðrÞj2 with the electron densities at both
atoms (cf. Eq. (9)), and integrating over the atomic
as well as positron coordinates,

Zeff ¼
Z

½qðr� R=2Þ þ qðrþ R=2Þ�jWðrÞj2 d3rdR:

ð26Þ

Using Eq. (14) and the ‘‘zero-range densities’’ (11),
one obtains

Zeff ¼ Zð0Þ
eff j

2
0

X
n

ðjAnj2 þ jBnj2Þ; ð27Þ

where the sum over n here includes both open and
closed channels, unlike that in Eq. (23), because
the annihilation takes place at the target and not at
r ! 1.

5 Note that this approximation may not be good for

molecules with permanent dipole moments. A charged particle

(positron) interacts with a dipole by means of a long-range 1=r2

potential, which mixes the projectile partial waves and causes

transitions between different rotational states of the molecule.
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3.3. Bound states

The existence of a bound state on a single zero-
range centre is determined by the sign of j0 (Sec-
tion 2), and j0 < 0, as for the positron on Kr,
means that there is no bound state.

However, when the two non-binding centres are
sufficiently close to each other the positron may
form a bound state with the dimer. For exam-
ple, in the fixed-nuclei approximation the positron
bound-state wavefunction in the zero-range ap-
proximation should have the form

W0 ¼ A
e�jjr�R0=2j

jr� R0=2j
þ B

e�jjrþR0=2j

jrþ R0=2j
: ð28Þ

Subjecting it to boundary conditions (18) leads to
a set of two linear homogeneous equations for A
and B. (Since A ¼ B for the lowest eigenstate of
a diatomic molecule built of identical atoms, it
is enough to use only one boundary condition.) It
has a non-zero solution if j satisfies the transcen-
dental equation [33]

j ¼ j0 þ
e�jR0

R0

: ð29Þ

Its positive solution corresponds to the bound state
with the energy e ¼ �j2=2. Eq. (29) has such so-
lution for j0 < 0 if R0 < �1=j0.

For example, j0 ¼ �0:1 for Kr means that two
Kr atoms bind the positron if the interatomic
distance is smaller than 10 a.u. Given the Kr2
equilibrium distance of R0 ¼ 7:56 a.u. we conclude
that according to the zero-range model a stable
eþKr2 complex does exist.

To go beyond the fixed-nuclei approximation
one should consider a wavefunction similar to Eq.
(14) without the incident-wave term and apply
boundary conditions (18) to it. This wavefunction
must be considered at negative positron energies
e ¼ �j2=2, corresponding to imaginary momenta
k0 ¼ ijk0j � ij and kn ¼ ijknj.

Instead of deriving a new set of equations one
may simply recall that according to the general
theory of scattering, the scattering amplitude
has poles at the energies of the bound states [12].
Therefore, one can find the positions of the bound
states by looking for poles of An and Bn from Eqs.
(19) and (20) at negative projectile energies.

4. Results

4.1. Parameters of the model

To apply the zero-range model developed in
Section 3 to positron interaction with Kr2 we must
first specify the parameters of the model. The
interaction of the positron with each of the Kr
atoms is described by j0 ¼ �0:1 and Zð0Þ

eff ¼ 81:6
(see Section 2).

The recommended values of the equilibrium
distance and potential minimum depth for the
Kr2 molecule are R0 ¼ 7:56 a.u. and UðR0Þ ¼
�17:2 meV, respectively [24], and its reduced mass
is l ¼ 7:64 � 104 a.u. To find the vibrational fre-
quency x, the interatomic potential has been
approximated by a sum of the short-range elec-
tron-exchange repulsion term and the long-range
van der Waals attraction,

UðRÞ ¼ BRae�bR � C6

R6

�
þ C8

R8
þ C10

R10

�
fcðRÞ: ð30Þ

The latter is multiplied by a cut-off function fcðRÞ
which cancels the 1=Rn divergence at small dis-
tances,

fcðRÞ ¼ hðR� RcÞ þ hðRc � RÞe�ðRc=R�1Þ2 ; ð31Þ
where hðxÞ is the unit step function: hðxÞ ¼ 1 for
x > 0, hðxÞ ¼ 0 for x < 0. The values of the

Fig. 3. Approximate molecular potential curves for Kr2, UðRÞ
of Eq. (30) (solid line) and eþKr2 (dashed line). The latter is

obtained by adding the fixed-nuclei positron binding energy

eðRÞ ¼ �j2=2 to UðRÞ.

32 G.F. Gribakin / Nucl. Instr. and Meth. in Phys. Res. B 192 (2002) 26–39



parameters in atomic units are B ¼ 6:1, a ¼ 2:30,
b ¼ 2:06, C6 ¼ 130, C8 ¼ 2700 and C10 ¼ 7 � 104

[24]. A cut-off radius of Rc ¼ 13 a.u. provides
a reasonable description of the minimum with
R0 � 7 a.u., see Fig. 3. The second derivative at
the minimum U 00 ¼ 6:11 � 10�3 a.u. yields the
vibrational frequency x ¼

ffiffiffiffiffiffiffiffiffiffiffi
U 00=l

p
¼ 8:9 � 10�5

a:u: ¼ 2:42 meV ¼ 19:5 cm�1. Besides R0 and l,
x is the only molecular parameter needed to
do calculations in the harmonic approximation
[34].

4.2. Bound states

In the fixed-nuclei approximation the positron
binding energy on Kr2 is found from Eq. (29).
For R ¼ R0 it gives j ¼ 0:0166, e ¼ �j2=2 ¼
�3:75 meV. This energy is greater than x, which
means that positron binding may be accompanied
by vibrational excitation of the positron–molecule
complex (see below).

Eq. (29) allows one to find the binding energy as
a function of R. The sum UðRÞ þ eðRÞ represents
the adiabatic potential curve of eþKr2. Fig. 3
shows that its minimum is shifted towards smaller
R. A closer inspection reveals that the second
derivative at the minimum has become smaller,
which means that eþKr2 has a lower vibrational
frequency x0 than its parent molecule.

The positron–Kr2 binding energy with account
of the nuclear motion is found by searching for
poles of An and Bn at imaginary k0 ¼ ij. The set of
linear equations (19) and (20) and the number of
coefficients An and Bn are, strictly speaking, infi-
nite. For doing numerical calculations the set
of equations can be truncated by assuming that
An ¼ Bn ¼ 0 for n > Nc. This means that only the
first Nc þ 1 channels with n ¼ 0; 1; . . . ;Nc are
taken into consideration. Note that if Eqs. (19)
and (20) are truncated at Nc ¼ 0 they become
equivalent to the fixed-nuclei approximation.

Practically, the value of Nc should be sufficiently
large to ensure that the results do not change upon
its further increase. From a physical point of view
such truncation is possible because the coupling of
higher vibrational excitations is very small (see
Appendix A). For the calculations reported in this
paper Nc values up to 15 have been used.

Using the parameters listed in Section 4.1 we
find that the scattering amplitude has poles at
j ¼ 0:0182, 0.0130 and 0.0029. These values cor-
respond to three bound states with energies

e0 ¼ �4:51 meV; e1 ¼ �2:30 meV and

e2 ¼ �0:11 meV: ð32Þ

The lowest of these states lies deeper than that
obtained in the fixed-nuclei approximation at the
Kr2 equilibrium distance (�3:75 meV), because
allowing the nuclei to move leads to stabilisation.
Indeed, as we have seen from Fig. 3, the minimum
of the eþKr2 potential curve, UðRÞ þ eðRÞ, is shif-
ted towards smaller distances compared to UðRÞ.
Using the adiabatic potential curves, the true
binding energy of the eþKr2 complex can be esti-
mated as follows:

½UðRÞ þ eðRÞ�min � Umin þ
x0

2
� x

2
� e0;

where we have also included the ground-state
vibrational energies of eþKr2 and Kr2.

The two higher energies, e1 and e2, describe
vibrationally excited bound states of the positron–
molecule complex, and the energy difference

enþ1 � en � 2:20 meV ð33Þ

corresponds to the vibrational frequency x0 of
eþKr2. As mentioned above, it is smaller than that
of Kr2.

Higher vibrational excitations of eþKr2 do not
represent bound states. They are embedded in the
positron–Kr2 continuum and correspond to posi-
tron–molecule VFRs. They manifest themselves in
the scattering cross-sections and positron annihi-
lation rate (see below). The term ‘‘Feshbach reso-
nance’’ applies to those quasibound states whose
decay is due to coupling between different degrees
of freedom of the system. In our case the higher
vibrational excitations of eþKr2 would be stable if
the energy of the vibrational motion could not be
transferred to the positron. Of course, the same
coupling is responsible for the capture of the
continuous-spectrum positron into these vibra-
tionally excited states of the eþKr2 complex.
Using (32) and (33) we can predict that VFRs
should be observed at positron energies e � 2:1;
4:3; 6:5; . . . meV.
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4.3. Scattering

Fig. 4 shows the elastic and vibrational excita-
tion cross-sections obtained from Eq. (25). In the
fixed-nuclei approximation (dashed line) the shape
and magnitude of the elastic scattering cross-sec-
tion is determined by the existence of the weakly
bound positron state with j ¼ 0:0166 (Section 3.3),

r � 4p
j2 þ k2

;

cf. Eq. (13). When the nuclear motion is taken into
account by solving Eqs. (19) and (20) for a large
number of channels Nc, the cross-sections show
strong VFR features at positron energies

e ¼ e0 þ nx0 ðn ¼ 3; 4; 5Þ:

The figure shows that each scattering channel is
coupled most strongly with the lowest VFR oc-
curring above the channel threshold. This is
a consequence of the weak positron-vibrational
coupling. Another manifestation of this weakness
is a hierarchy of magnitudes of the cross-sections,
r0!nþ1 � r0!n.

A feature also worth mentioning is a prominent
rise of the elastic cross-section r0!0 towards zero

positron energy. It is caused by the presence of the
weakly bound n ¼ 2 state with e2 ¼ �0:11 meV
just below the threshold.

4.4. Annihilation

The VFRs feature even more prominently in the
positron annihilation rate, Fig. 5. Note that to
show the magnitude Zeff at the resonant peaks as
well as the non-resonant background a logarithmic
Zeff scale has to be used. Thus, the peak value of
the first strongest resonance is Zeff ¼ 1:1 � 107,
four orders of magnitude above the background.

Fig. 6 shows the resonances in detail. By fitting
Breit–Wigner profiles to the numerical Zeff over the
resonances,

Zeff /
1

ðe � enÞ2 þ C2=4
; ð34Þ

we determine their positions and widths,

e3 ¼ 2081:8 leV; C ¼ 3:5 leV;

e4 ¼ 4285:7 leV; C ¼ 15 leV:

As a consequence of weak positron-vibrational
coupling, the resonances are narrow, compared to
the spacing between them. The second resonance
is, though, much wider and lower than the first
one. Since its energy is above the first inelastic

Fig. 4. Cross-sections for positron scattering from Kr2: elastic

scattering cross-section in the fixed-nuclei approximation (da-

shed line) and with account of nuclear motion (r0!0, solid line);

vibrational excitation cross-sections r0!1 (chain line) and r0!2

(dotted line) are shown multiplied by 102 and 104, respectively.

Fig. 5. Zeff for positrons on Kr2 in the fixed-nuclei approxi-

mations (dashed line) and with account of the nuclear motion

(solid line).
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threshold, it decays by positron emission leading
to the molecular ground and first excited states
(0 ! 0 and 0 ! 1 scattering channels). This is one
of the reasons why the n ¼ 4 resonance has a lar-
ger width.

Of course, when the resonances are so narrow it
is unclear whether they would affect any observed
Zeff if the positrons are not monoenergetic, e.g.
have a certain energy spread De. A simple estimate
can be obtained by smearing the contribution of
the strongest n ¼ 3 resonance over the vibrational
spacing x0. This suppresses its magnitude by a
factor C=x0 � 10�3, which means that the resonant
contribution is still an order of magnitude greater
than the background Zeff � 103.

Theoretically, the contribution of an s-wave
resonance to the annihilation rate is given by

DZðresÞ
eff ¼ p

k
Ce

ðe � enÞ2 þ C2=4

Ca

pr20c
; ð35Þ

where Ce is the so-called elastic width, Ca is the
annihilation width and C ¼ Ce þ Ca is the total
width [9,10,12]. This formula is valid for a reso-
nance below the first inelastic (vibrational) thres-
hold. For higher-lying resonances the total width
must also include an additional contribution due
to positron emission accompanied by the vibra-
tional excitation of the target.

When Zeff is calculated by means of Eq. (6)
it is assumed that the annihilation cross-section
is much smaller than that of elastic scattering. In
other words, the annihilation rate is calculated

perturbatively, using the scattering wavefunction
W which is found neglecting annihilation. Applied
to resonances, this means that the contribution of
annihilation to the resonance width is neglected.
This is true when Ca � Ce or C � Ce. It is easy to
check that this condition is fulfilled in the present
calculation. Comparing Eq. (35) to the numeri-
cal data for the n ¼ 3 resonance, we obtain
Ca � 0:05 leV � C. A similar estimate of the an-
nihilation width Ca is also obtained from the zero-
range bound-state wavefunction, see Appendix B.

Note that in the regime where C � Ce the integ-
ral contribution of the resonance

R
DZðresÞ

eff de is in-
dependent of C, i.e. its contribution does not
depend on the strength of positron coupling to
vibrations. This means that although the reso-
nance is very narrow it is also very tall (/ C�1),
and its contribution to Zeff is substantial (see
below).

Note also that the last of the bound states situ-
ated just below threshold at e2 ¼ �0:11 meV, cau-
ses a rapid rise of Zeff at e ! 0. It can be thought of
as being due to virtual capture of a continuous-
spectrum positron into a weakly bound state.
Similarly to Eq. (35), its contribution is propor-
tional to 1=ðe � e2Þ2.

4.5. Annihilation for thermal positrons

All positron annihilation experiments except
the most recent one, Ref. [20], were done with
thermalised positrons. It is, therefore, useful to

Fig. 6. Vibrational Feshbach resonances n ¼ 3 and 4 in Zeff for positrons on Kr2. Dots are values of Zeff found numerically and solid

lines show Breit–Wigner profile fits, Zeff / ½ðe � enÞ2 þ C2=4��1
, which allow one to determine the positions and widths of the reso-

nances.
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average Zeff over the Maxwellian momentum dis-
tribution of the positrons,

ZeffðT Þ ¼
Z 1

0

e�k2=2kBT

ð2pkBT Þ3=2
ZeffðkÞ4pk2 dk; ð36Þ

and present it as a function of positron tempera-
ture T, Fig. 7. At very low temperatures, kBT � en,
the n ¼ 3 Feshbach resonance does not contribute
to the annihilation rate. However, as soon as the
high-energy tail of the Maxwellian distribution
overlaps with the resonance, Zeff shows a rapid
onset of the resonant contribution. Note that this
happens at temperatures well below kBT � en,
where the contribution of the resonance to ZeffðT Þ
is maximal. The resonance also continues to con-
tribute strongly for kBT > en. Consider, for exam-
ple, the annihilation rate at room temperatures,
kBT ¼ 25 meV, which is 10 times the energy of the
n ¼ 3 resonance. Here the fixed-nuclei result is
Zeff ¼ 250, the contribution of the non-resonant
background from the full coupled calculation
is similar, Zeff ¼ 270, but taking into account the
resonance increases the annihilation rate to Zeff ¼
1000 (see Fig. 7).

5. Summary and outlook

The zero-range potential model has been used
to investigate positron binding, scattering and
annihilation for a simple diatomic molecule, Kr2.
In this approximation the system is described by a
small number of parameters which characterise the
Kr2 molecule (R0 and x in the harmonic approxi-
mation), and positron interaction and annihilation
with individual Kr atoms (j0 and Zð0Þ

eff ). The model
allows deep analytical treatment. Supplemented by
simple numerical calculations, it produces a rich
and ‘‘life-like’’ physical picture of positron–mole-
cule interaction.

The main facets of this picture are: (i) ground
and vibrationally excited positron–molecule bound
states, (ii) vibrational Feshbach resonances ob-
served in elastic and vibrationally inelastic scat-
tering, and most importantly, (iii) very strong
enhancement of the annihilation rate due to these
resonances.

To the best of my knowledge, the present
calculation is the first dynamical calculation of
positron–molecule collisions which confirms the
role of binding and capture in vibrational Fesh-
bach resonances for positron–molecule annihila-
tion.

As far as the actual numerical results for Kr2
are concerned, the values presented above may
certainly be affected by the choice of parameters.
Thus, in the absence of precise positron–Kr cal-
culations it is impossible to argue that j0 ¼ �0:1 is
the true value to be used. The approximations
made in deriving the zero-range model may also
affect the quantitative results. From this point of
view the present work aims at showing how things
happen when positrons interact with molecules,
rather than making firm predictions for a parti-
cular system.

There are some other effects that one can in-
vestigate using the zero-range model. For example,
one can calculate the vibrational eigenstates nu-
merically using the molecular potential curve. This
will allow one to check the validity and limitations
of the the harmonic approximation. One can also
study molecular dissociation by positrons, or dis-
sociation into a neutral atom and positive ion,
which may follow the annihilation.

Fig. 7. Thermally averaged Zeff for positrons on Kr2: fixed-

nuclei approximation (long-dashed line); with account of

nuclear motion, non-resonant background (chain line), and

including the contribution of the vibrational Feshbach reso-

nance (solid line). For comparison Zeff for Kr is shown by short-

dashed line.
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It should also be possible to apply the zero-
range model to positron interaction with ‘‘nor-
mal’’ molecules rather then the weakly bound
van der Waals species. However, the results of
such modelling will probably be more qualitative
than quantitative, because the use of the zero-
range approximation is harder to justify for them.
On the other hand, owing to its simplicity, the
zero-range approximation may allow one to at-
tack larger polyatomic molecules. This is where
the current interest in positron annihilation on
molecules lies.

Appendix A. Matrix elements in the harmonic

approximation

Near the equilibrium the molecular potential
can be expanded as

UðRÞ ’ Umin þ
lx2

2
ðR� R0Þ2; ðA:1Þ

where l is the mass and x is the vibrational fre-
quency of the corresponding harmonic oscillator.
In this approximation the wavefunctions UnðRÞ are
given by the eigenstates vnðR� R0Þ of the har-
monic oscillator with energies En ¼ x nþ 1

2

	 

for

n ¼ 0; 1; . . . The matrix elements are then calcu-
lated as follows:

eik0nR=2
	 


n0
¼ eik0nR0=2

Z
UnðRÞeik0nðR�R0Þ=2U0ðRÞdR

¼ eik0nR0=2
lx

2kpk!

 �1=2

�
Z 1

�1
e�lxx2eikxHnð

ffiffiffiffiffiffiffi
lx

p
xÞdx; ðA:2Þ

where x ¼ R� R0 is the displacement from the
equilibrium, k ¼ k0  n=2, and we used an explicit
expression of the oscillator eigenstates in terms
of Hermite polynomials Hn [12]. Calculating the
standard integral in Eq. (A.2) [32], we obtain

eik0nR=2
	 


n0
¼ eik0nR0=2

1ffiffiffiffi
n!

p ik0  n
2

ffiffiffiffiffiffiffiffiffi
2lx

p
� �n

� exp

"
� ðk0  nÞ2

16lx

#
: ðA:3Þ

The quantity ðlxÞ�1=2
is the classical amplitude of

vibrations in the ground state. This amplitude
for a molecule is much smaller than the low-
energy positron de Broglie wavelength, therefore
k0ðlxÞ�1=2 � 1. This means that the exponent in
Eq. (A.3) is very close to unity and the matrix el-
ement drops rapidly with n. This also allows one to
calculate the matrix elements in the leading order
very quickly using the fact that for an oscillator
the non-zero matrix elements of the displacement
are [12]

xn;n�1 ¼ xn�1;n ¼
ffiffiffiffiffiffiffiffiffi
n

2lx

r
: ðA:4Þ

As a result, for a small parameter k � ðlxÞ�1=2
,

ðeikxÞn0 ’
ðikxÞn

n!

� �
n0

¼ xn;n�1xn�1;n�2    x2;1x1;0ðikÞn=n!

¼ 1ffiffiffiffi
n!

p ikffiffiffiffiffiffiffiffiffi
2lx

p
� �n

; ðA:5Þ

which immediately leads to (A.3) with expð  Þ
’ 1.

Evaluation of the second matrix element

eikmR

R

� �
nm

¼
Z

U�
nðRÞ

eikmR

R
UmðRÞdR ðA:6Þ

is done similarly. Expanding in powers of x ¼
R� R0 and rearranging the sums, we obtain

eikmR

R
¼ eikmR0

R0

eikmx

1 þ x=R0

¼ eikmR0

R0

X1
k¼0

ð�1Þk x
R0

� �k X1
l¼0

ðikmxÞl

l!

¼ eikmR0

R0

X1
N¼0

XN
l¼0

ð�ikmR0Þl

l!

" #�
� x
R0

�N

:

ðA:7Þ

Following (A.5), we see that only N ¼ jn� mj
contributes to the matrix element in the leading
order, hence
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eikmR

R

� �
nm

¼ eikmR0ð�1Þjn�mj

R0ðR0

ffiffiffiffiffiffiffiffiffi
2lx

p
Þjn�mj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxðn;mÞ!
minðn;mÞ!

s

�
Xjn�mj

l¼0

ð�ikmR0Þl

l!
: ðA:8Þ

Appendix B. Annihilation rate in the positron–

molecule bound state

For fixed nuclei the annihilation rate in the
bound state is (cf. Eqs. (1) and (26))

Ca ¼ pr20c
Z

½qðr� R0=2Þ þ qðrþ R0=2Þ�jW0ðrÞj2 d3r;

where W0 is the bound-state wavefunction (28).
Using the zero-range electron densities (11) and
normalisationZ

jW0ðrÞj2 d3r ¼ 1; ðB:1Þ

which yields

A ¼ B ¼ j
4pð1 þ e�jR0Þ

� �1=2

; ðB:2Þ

we obtain

Ca ¼ pr20c
Zð0Þ

eff j
2
0j

2pð1 þ e�jR0Þ ; ðB:3Þ

where j is related to the energy of the bound state
e ¼ �j2=2. Note that for jR0 � 1

Ca /
ffiffiffiffiffi
jej

p
;

which is generally true for weakly bound states, as
shown in [10,35].

Applying Eq. (B.3) to the lowest positron–Kr2
bound state, j ¼ 0:0182, we obtain Ca ¼ 0:04 leV,
in agreement with the estimate obtained from
DZðresÞ

eff in Section 4.4. Of course, it should be pos-
sible to derive a more accurate formula for Ca than
Eq. (B.3), by going beyond the fixed-nuclei ap-
proximation (see end of Section 3.3). However, it
is natural that the annihilation rate in the bound
or quasibound (VFR) state does not depend much
on the state of the nuclear motion.
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