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ABSTRACT

A theory of strongly interacting Fermi systems of a few particles is developed.
At high excitation energies (a few times the single-particle level spacing) these
systems are characterized by an extreme degree of complexity due to strong
mixing of the shell-model-based many-particle basis states by the residual two-
body interaction. This regime can be described as many-body quantum chaos.
Practically, it occurs when the excitation energy of the system is greater than a few
single-particle level spacings near the Fermi energy. Physical examples of such
systems are compound nuclei, heavy open shell atoms (e.g. rare earths) and
multicharged ions, molecules, clusters and quantum dots in solids. The main
quantity of the theory is the strength function which describes spreading of the
eigenstates over many-particle basis states (determinants) constructed using the
shell-model orbital basis. A nonlinear equation for the strength function is
derived, which enables one to describe the eigenstates without diagonalization
of the Hamiltonian matrix. We show how to use this approach to calculate mean
orbital occupation numbers and matrix elements between chaotic eigenstates and
introduce typically statistical variables such as temperature in an isolated
microscopic Fermi system of a few particles.

§1. INTRODUCTION

As is known, quantum-statistical laws are derived for systems with infinite num-
ber of particles, or for systems in a heat bath, therefore, their applicability to isolated
finite systems of a few particles is, at least, questionable. However, the density of
many-particle energy levels increases extremely rapidly (typically, exponentially)
with an increase in both the number of particles and the excitation energy. For
this reason, even a weak interaction between particles can lead to strong mixing
between large number of simple many-particle states, resulting in the so-called chao-
tic eigenstates. If the components of such eigenstates can be treated as random
variables (onset of quantum chaos), statistical methods are expected to be valid
even for an isolated dynamic system.

One should stress that statistical description of such isolated systems can be quite
different from that based on standard canonical distributions; therefore, application
of the famous Fermi—Dirac or Bose—Einstein formulae may give incorrect results.
Moreover, for isolated few-particle systems a serious problem arises in the definition
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of temperature, or other thermodynamic variables such as entropy and specific heat
(in comparison, in infinite systems, different definitions give the same result).

In this paper we outline a statistical theory of finite quantum systems of inter-
acting particles based on generic statistical properties of chaotic eigenstates (the
‘microcanonical’ approach). Typical examples of such systems are compound nuclei,
complex atoms, atomic clusters and isolated quantum dots. This work is based on a
number of earlier publications (Flambaum 1993, 1994, Flambaum and Vorov 1993,
Flambaum ez al. 1994, 1996a, Gribakin et al. 1995, Flambaum and Izrailev 1997a,b),
which developed different aspects of the theory.

§2. STRENGTH FUNCTION OF CHAOTIC EIGENSTATES

2.1. Equation for the strength function

In this section we obtain an equation for the strength function of chaotic eigen-
states. It is derived for Hamiltonian matrices with random uncorrelated off-diagonal
matrix elements. This equation generalizes the result obtained by Wigner (1955,
1957) for infinite random matrices with a linearly increasing diagonal and off-diag-
onal matrix elements equal to +1, randomly placed within a band of width b along
the diagonal. It also reproduces the equation for the strength function in sparse
random matrices with a diffuse band derived by Fyodorov et al. (1996) using the
supersymmetry method.

It is important that this equation can be used for calculating strength functions in
real many-body systems where strong mixing is achieved owing to the residual two-
body interaction between the particles. In this case, one usually starts with multi-
particle basis states (determinants) constructed of single-particle orbitals obtained
for a particular mean field, for example in the Hartree—Fock approximation:

k) =TT al,l0). ()
i=1

We use Greek letters to enumerate the single-particle basis states (orbitals), and
every basis state k corresponds to a different set of v,...,r,. The matrix elements
Hy, of the Hamiltonian

H= Z Eaala(y + % Z V(yﬂ’yéajyaz’ia’yaéa (2)
@ afyd

calculated with respect to this basis are correlated, even if the residual two-body
interaction V5.5 is random (Flambaum ez al. 1996a, Brody et al. 1981). However,
the effect of these two-body correlations on the strength functions is small (see
below).

Consider an unperturbed system which is described by a diagonal Hamiltonian
matrix with some regular diagonal matrix elements:

This Hamiltonian describes a many-body system of non-interacting particles, or a
system of interaction particles in the mean-field basis, if we neglect the residual two-
body interaction. It is often convenient to enumerate the basis states in such a way
that their mean energies E; = (k|H|k) increase with increasing k. The eigenstates of
the system
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Hli) = EVi) (4)

expanded in terms of the basis states k,
=>_ Gk, (5)
k

are characterized by their components (‘wavefunctions’) C (i), that is eigenvectors of
the Hamiltonian matrix

S myc = EVC. (6)
J

We consider cases when mixing of the basis components due to the off-diagonal
matrix elements Vy; = Hy; is strong. This regime is the opposite of perturbation
theory. Hence, Vij > D must be fulfilled, where D is the mean spacing between
the diagonal ‘energies’ E; (see § 2.4). Besides this, the off-diagonal matrix elements
V}i; in complex many-body systems appear to behave as random variables with zero
mean V;; = 0 (Flambaum ez al. 1994, Gribakina et al. 1995, Horoi et al. 1995a,b,
Frazier et al. 1996, Zelevinsky et al. 1996). In this situation the eigenstates (5) contain
large numbers N, of essentially non-zero ‘principal’ components of similar sizes
C\) ~ 1/N)?, due to normalization ¥, |C> = 32, |CY)? = 1. If D # 0 and the
Hamiltonian matrix is large, these components are centred around the corresponding
eigenvalue F (), within some characteristic energy interval |E;, — E (i)| < I', where I is
the so-called spreading width. Its magnitude depends on the strength of the mixing
interaction V;. This picture allows for variation of both D and Vk along the matrix,
that is, as functions of the energy of the basis states. In real systems this variation is
slow and smooth. ‘

Because of the strong mixing the components C,((” of complicated (chaotic)
eigenstate fluctuate almost randomly as functions of k and i. However, these fluctua-
tions aside, nearby eigenstates separated by energy intervals AE ~ D << F look

similar. Therefore, one can study the smooth envelope of the weights |C | . This
idea is realized in the strength function, also referred to as the local density of states
= > IGPs(E — EV) (7)

i

introduced by Wigner. It shows how various basis states k contribute to the eigen-
states at energy E. A standard way to calculate pw(E, k) is through the Green’s
function

1 )¢l
G(E) = — = ‘ , 8
(E) E—H+ip ZE—E(’>+i77 ®)
or in the matrix form, using the eigenstate components:
. K
C(1>C(~I>
G..(E) = —k 9

where 7 is positive infinitesimal. The wusual rule (E — ED 4+ in)_] =
(E — EN™' —ins(E — E¥) combined with the definition (7) then gives the key rela-
tion
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1
pw(E k) = = Im [Gy (E)]. (10)
In a similar way, one also finds the eigenvalue density (or level density)
=Y §(E—EY) (11)
=D IGPS(E—ED) =3 pw(E.k) (12)
iJe k
1 1
=——1Im (Z Gkk(E)> = —— Im {Tr[G(E)]}. (13)
k

The Green’s function G, (equation (8)) can be presented as a perturbation theory
expansion in powers of V, the off-diagonal part of the Hamiltonian H = H) + V:
1

G = 14
E RD Vi (14)

=G94+ gOvGO L gOVGOYVGO 4+ o (15)
where
1 Okj
GO=— o G,(((?) —— Y (16)
E—-HO +ip v E—FE+1in

is the Green’s function of the unperturbed Hamiltonian. In the matrix form, expan-
sion (15) looks like

51([ Vk/ Vkm ij
% ]
G0 =FE TEE)E_E) +> VARG R

m

where we have introduced £ = E + in for the energy shifted off the real axis.

To obtain a smooth strength function averaged over the level-to-level fluctua-
tions of the eigenstate components we should average the Green’s function (15) over
the random off-diagonal matrix elements V;;. In doing so we assume that they have
zero mean and are uncorrelated:

V_kj =0, ij Vim = V]%,‘((Skl&jm + 5km5jl)- (18)

We can also assume that, if the system is not placed in a magnetic field, the phases of
the basis states can be chosen so that Vy; = IV are real. The variance Vk is a local
average. It does not have to be constant over the matrix. On the contrary, in physical
systems, owing to the oscillatory behaviour of the single-particle orbitals the mixing
matrix elements should decrease when distant basis states are considered:

VE—0 for |k —j|— oc. (19)

Therefore, larger matrix elements are found along the main diagonal, and the
Hamiltonian matrices are often modelled by banded (random) matrices (with
Vij # 0 only for |k — j| < b). Feature (19) also ensures that various sums containing
products of V; converge, even if the size of the Hilbert space is infinite. It is impor-
tant that, while we assume averaging in the course of our derivation, it does not have
to be performed explicitly in the final equations. There it is done automatically owing
to summation over large numbers of basis states.
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The strength function is given by the diagonal matrix element Gy, (equation
(10)). Because of the random signs of Vy;, only terms with even powers of V in
the perturbation expansion (15) survive after averaging:

B 1 Vkamk
Gy =g—g t > (E-E)(E-En)(E-E)

m

Vkm le Vln Vnk
Y TRE e ae Be @

m ln

It is convenient to represent this expansion graphically:

k k kK m k k m I n k 0 (@21

where the thick line is G, the thin lines are G'”, and the broken lines correspond to
the matrix elements V. The semicircle broken line describes a binary product, for
example Vy,,V, in the second-order diagram, which does not vanish upon aver-
aging.

In the fourth order the non-zero contributions are given by the following con-
tractions or binary associations:

The first of them reduces to the product of the two second-order diagrams:

1 > Vin 1 > vy 1 23)
E_Ek (E_Em)g_Ek i (E_EI)E_EI(.

m

The second is irreducible; it does not contain G,(((,)g =(&- Ek)_] anywhere in the
middle. Analytically it is given by

1 Vl?m VI%?[ 1
. 24
E_E 2(5 Em) (E_El)g_Ek ( )

m,l

If we compare it with the expression for the third diagram in equation (22),

1 Viem 1
2

E_Ek;(E_Em)z(g_Ek)g_Ek, ( 5)
we immediately see that it has a lower order of summation, that is it is given by a
single sum over m, whereas in the other two the summation runs over m and /. Since
we consider systems in the strong-mixing regime, |Vy,,| > D, every basis state is
essentially coupled to many other basis states. Therefore, the sums over m or [ in
equations (23) and (24) and the diagram with the intersecting broken lines in
equation (22) (equation (25)), is parametrically smaller than the other two. This
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rule is valid in all orders of the perturbation theory. For example, among the sixth-
order diagrams, only the following five diagrams must be taken into account:

The diagrams with intersections

/”‘\\,\— ~ 7 TN -
A AN NN /o 7N
Lt J AR W i Ly . e . (27)

+

should be discarded.
Let us introduce the self-energy X, as a sum of all irreducible diagrams (without
intersections), which in our case are also diagonal with respect to the end indices:

’ \ ;s A I [N -~ 28
_®‘,: ! + (ot v + it ! + .o ( )

Similarly to the standard field-theory procedure, the Green’s function can now be
shown as

& +T®k_+ kC)k@T+"' (29)

This geometric series immediately sums into the final expression for the Green’s
function

1

G (E) “E-E 5.

(30)

However, the most important consequence of the absence of the diagrams with
intersections in X is that series (28) can be presented as

- — = ...=_‘__
k@k"km k+km mk+km 'm mk+ =k m &k

which corresponds to the following equation:

Vi
2(E) = . 32
«(E) ;E—Em—zmwwin (32)

This nonlinear equation can be solved iteratively. Once 2, (E) is found, the strength
function is obtained from equations (10) and (30) as

pwl(EK) = - Tm (;> (33)
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Equations (32) and (33) solve the problem of finding the strength function for a
Hamiltonian with random off-diagonal matrix elementsf, and the total density of
states is given by

1 1
p(E) = ——Im (Z m) (34)

k

Note that the strength function (33) can be written as a Breit—-Wigner formula

1 r,
P (Eak):_ )
v 2t (E—E, — Ay) +T7/4

(35)

where I'y, = —=21Im [X;(E)] is the energy (spreading) width of the basis component
and A; = Re[X(E)] is the shift of the centre of the eigenvector with respect to the
basis state energy Ej. Since both I';, and 4, are in general energy dependent, the real
shape of the strength function may be quite different from the simple Breit—Wigner
profile with constant parameters.

2.2. Particular cases

2.2.1. Full uniform random matrices
If the off-diagonal matrix elements V,,, are distributed uniformly over the
matrix, V72 = V2, then X, (E) does not depend on k and we have

I(E)=V) — : (36)

pE) = ——= Im [X(E)], (37)

which reproduces the result obtained by Pastur (1972, 1973) for H = H” +V, where
V belongs to the Gaussian orthogonal ensemble.

2.2.2. Sparse banded random matrices

Fyodorov et al (1996) considered the strength functions for large (infinite)
matrices with equally spaced diagonal matrix elements, £, = kD, and a sparse and
banded random off-diagonal part. They chose the following probability distribution
of Vin:

P(Vkm) = (1 _pkm)(S(Vkm) +pkmhl(Vkm)a

where py,, is the probability to find a non-zero matrix element at (k,m). It was
parametrized as py,, = (M/b) f (|k — m|/b), where f is a decreasing function normal-
ized as b= 3°° f(r/b) = 1, b characterizes the width of the band, M is the number
of non-zero matrix elements in a row, and the probability density /; satisfies
[ h(v)dv=1, [vh(v)dv =0 and [ v?h;(v)dv = V. With these definitions the
locally averaged square of the off-diagonal matrix element is given by

t The authors are aware that a similar derivation was made in 1993 by O. K. Vorov (1993,
unpublished). Its idea is also analogous to that of Edwards and Warner (1980), including the
use of diagrams, although the latter considered the case where V,fj are constant over the
matrix.
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—— M . [lk—m|
y2 = (T y2 38
=5 (5 (3)
If we use this formula in equation (32), replace summation over m by integration
over dE,, /D, take into account that X;(E) now depends only on E — E; and intro-
duce new variables x and u as

using R?> = MV?, the complex conjugate of equation (32) will be cast in the following
form:
g(x) =—

1 J*f(lu—XI/ﬁ)du, )

£l iu—g(x)
where x = Db/R, and instead of X; a new function has been introduced by
i(Z;)* = Rg(x). Accordingly, the strength function as a function of z=FE — E; is

now given by
1 1
w0 =3 () .

Equations (39) and (40) were obtained by Fyodorov et al. (1996) by means of a

technically involved method based on integration over commuting and anticommut-
ing variables.

2.2.3. Wigner random matrices

In the pioneering work of Wigner (1955, 1957) the equations for the strength
functions were obtained for random matrices with a regular diagonal D = 1 and off-
diagonal matrix elements Vy,, = £V, placed randomly within the band |k — m| < b.
If we use new variables,

E— Ek E — Em
b 7 b ¢

replace the summation over m in equation (32) by integration over ¢ and introduce
the new function p; (z) = iZ;(E)/V? and parameter ¢ = V2/b, the strength function
will be given by the following two equations:

1 i
pw(z) = — Re (m) (41)

z+1
niE) = Jl i O

which constituted the main result obtained by Wigner (1955, 1957).

i

d¢, (42)

2.3. Exact solutions

2.3.1. Semicircle

___Suppose that the Hamiltonian is a full uniform random N x N matrix with
V2. =V? and the basis states are degenerate: E; = 0. In this case they are char-
acterized by the same X, (E) = X(F), which satisfies equation (32) with E,, = 0:
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N - 1)V?

S(E) = # ,
E—2(E)+in

which gives X(E) =1[E — i(4NV? — EZ)]/Z], where we used N — 1 = N for N > 1.
Substitution in equations (33) and (34) gives the strength function

(43)

(4NV? — E2)1/?

pwlE) = s (44)
and the density of states
2N
p(E) = Npw(E) = = (E3 — ), (45)
0

which is the famous semicircle, E, = 2(NV?)'? being its ‘radius’.

If the diagonal matrix elements fluctuate with E; = 0, E,f =2V?, as in the
Gaussian orthogonal ensemble, the result does not change for N > 1, since such
fluctuations of the basis state energies are small compared with the full width £, of
the eigenvalue spectrum.

The semicircular strength function also describes the spreading in a banded
random Hamiltonian, where V,, are non-zero for |k —m| < b only. In this case
the size N of the matrix in equation (44) must be replaced by the bandwidth 5.
This solution remains valid for a banded Hamiltonian with a non-zero increasing
diagonal, as long as

Db < (bV*)'/?, (46)

that is the mean basis-state energy spacing D remains small (Wigner 1955, 1957).

2.3.2. Breit—Wigner profile

In the opposite case, Db > (bV?)"/?, the increasing energy denominators reduce
the mixing of distant basis states and make the strength function narrower. If we
consider an infinite uniform Hamiltonian with evenly spaced diagonal matrix ele-
ments, E,,,; — E, = D, the sum in equation (32) can be replaced by an integral over
dE, /D. The mean-squared matrix element V7 is independent of k (as well as m),
and the function X (E) also does not depend on k. Equation (32) then becomes

1/2

V_Zm dEm
)= [ 7= E, ~Re[X(£)] ~ Tm[S(E)] D

which, after closing the integration in the upper half-plane of complex E,,, reduces to
the contribution of the pole, X(E) = —inV ?/D. The corresponding strength function
is immediately obtained from equation (35) as

1 r
2 (E - E) 414

pw (E, k) (47)

where
I =2nV?p, (48)

and p = D! is the density of states.
The Breit-Wigner solution is in fact valid for matrices where V7, as well as p
change over the matrix, as long as they do not change much on the scale of
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|Ex — E,;| ~ I'. In particular, equations (47) and (48) are applicable to banded
random matrices at |E — Ei| < Db, if V7, = V? = constant within the band. The
necessary condition for this is I' < Db, or V> < D*b, which is the opposite of
equation (46).

2.4. Criterion of equilibrium (ergodicity) of chaotic eigenvectors

2.4.1. Strong mixing

Although the matrix elements V,,, fluctuate, the solution X, (E) of equation (32)
is a smooth function of both k and E, provided that the summation over m averages
out these fluctuations. To ensure this, the number of terms effectively contributing to
the sum must be large. If the Hamiltonian matrix is ‘full’, that is V,, # 0 for any
nearby pair of states k and m, as well distant pairs, the condition of strong mixing
and weak fluctuations is V > D, just opposite to that of perturbation theory.

In many-body systems with a two-body interaction between the particles the off-
diagonal Hamiltonian matrix elements V,, couple only those shell-model basis
states k and m (1) which differ by positions of no more than two particles. If the
number of active particles in the system is greater than two, there are many zeros in
the Hamiltonian matrix, that is, it becomes increasingly sparse. Denoting the mean
spacing |E, — E,,| between the nearest basis states directly coupled by Vy,, by d;
(d; > D), we can write the condition for averaging of fluctuations as

Iy > d, (49)

since |[E — E,,| < Im |2 (E)| =1I, determines the range of m which effectively satu-
rate the sum. The imaginary part of X (E) can be estimated from equation (32) as a
usual contribution of a pole in the complex energy plane, which gives

IW(E) =21V 2 pr(E), (50)

where pe(E) = d; ' is the density of states directly coupled to k, and vz is the
average over non-zero matrix elements only. The condition (49) then becomes

V2, > di. (51)

This means that, for the strength functions to be smooth, the interaction must be
large, that is non-perturbative. In this case the eigenvectors contain large numbers of
components. The number of (principal) components is in fact N, ~ I'y/D rather
than I'y /d;, since mixing of the basis states within the energy interval I' is complete
(ergodicity). In this regime the components C,((') display Gaussian statistics, and the
fluctuations in the strength function p;(E) are small (equilibrium).

When we reduce the ratio Vy,,/d; the fluctuations of I'y increase and at Vy,, < d;
the smooth self-consistent solution of equation (32) disappears. Indeed, in this case
the sum in this equation is dominated by one term with a minimal energy denomi-
nator E — E,, ~ d;. The absence of a smooth solution for the shape of the eigenstates
and the strength function does not mean that the number of principal components in
the eigenstates is small.f However, the distribution of the components is not ergodic;
it has many ‘holes’ within the energy interval 2n¥V' 2, p¢(E), and the fluctuations of

T The number N, of principal components in this case can be defined as the inverse
participation ratio: N, ' = 37, (i,
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C,((') become large and non-Gaussian. Indeed, the structure of the eigenstate in this
case is governed by an interplay of perturbation theory chains, that is series in
Vim/(Ex — E,,), and a possibility of very small denominators in these chains
owing to fluctuations of the intervals between basis state energy levelst
(Flambaum and Izrailev 1997a,b).

2.4.2. The role of two-body correlations

If the dynamics of a many-body system are governed by two-body interactions,
as in equation (2), the Hamiltonian matrix elements H; become, in a certain way,
correlated, even when the underlying two-body matrix elements V3,5 are random
(Flambaum et al. 1996a). These correlations affect the derivation of equation (32)
and, strictly speaking, make this equation invalid.

This effect emerges in the fourth order of the perturbation theory, hence, let us
consider the contractions in the fourth-order diagrams (22). In the first of them the
intermediate many-body basis states m differ from k by the positions of at most two
particles, |m) = all azﬂaﬂaaVc), that is the summation over states m (or /) in fact
involves moving all possible pairs «, 3 from the state k into unoccupied orbitals
ap, 81 The corresponding matrix element in the Hamiltonian is Hmk =V 8pa
Similarly, in the second diagram in equation (22), |m) = alla aga,|k), and
|1y = aT a; aéav|m) that is the states m and / are obtained from k and m by moving
the fermlon pairs af and ~é into unoccupied orbitals «;,3; and ~,8; respectively.
Hence, the matrix elements involved are H,, =V, 33, and Hy, =V, 55,. In both
contractions the same matrix element appears twice, which ensures that these con-
tractions are non-zero and have the same order of summation.

A new feature due to the two-body interaction emerges in the third contraction
and may now involve three different intermediate states:

// // \\ \\ (52)
k m | n k

The numerator of the corresponding algebraic expression H,H, H,,H,, contains
four different Hamiltonian matrix elements. Nevertheless, its average is not zero, nor
has it a lower order of summation than the other two fourth-order diagrams. Indeed,
for |m) = aLI aza aﬂau|k)} and |/) = aLI a;] asa.,|m), take |n) = alag a,,ag |I), which is
equivalent to |n) = aLI aj asa.|k). Then

Hann/Hlm Hmk = V'yéél'y] V(yﬂﬂl a V’y| 6,6y V(ylﬂl Sa

and, in spite of the fact that all three intermediate states m, n, [ are different, the two
two-body matrix elements V, 3 5, and V., s s, appear twice each in the contraction.
Therefore, it cannot be discarded in the way that it has been in § 2.1.

1 In most real systems with more then two particles the Hamiltonian matrix is sparse, that
is it contains a certain fraction of zero off-diagonal matrix elements. In this case the non-zero
Vi; must be greater than the mean energy spacing between the directly coupled basis states
(Altshuler et al. 1997, Jaquod and Shepelyansky 1997, Mirlin and Fyodorov 1997,
Shepelyansky and Sushkov 1997).
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Another way to see the difference between a random Hamiltonian and that based
on a two-body interaction is to consider the level density (11), which can be written
as a trace

p(E) = Tr[8(E — H)), (53)

and its moments
M, = J p(E)E'”dE = Tr(Hm). (54)

Suppose that the diagonal matrix elements are zeros (or have the same order of
magnitude as the off-diagonal matrix elements and hence can be neglected when
calculating the traces). The traces then have the same structure as the numerators
of the perturbation theory expansion of Gy, (20). All odd-m traces vanish, signalling
a symmetric level density. For a full uncorrelated random Hamiltonian the trace for
an even m = 2v is determined by the number of ways to arrange v non-crossing
contractions (known as a Catalan number)

1 2v
M,, = Ny 55
2v v+ 1 ( y > ) ( )

where V2 = H? . These moments correspond to the ‘semicircular’ density (45) (for
example Brody et al. (1981)).

On the other hand, if the Hamiltonian is generated by the two-body interactions,
all binary contractions give equal contributions to the even moments (if we assume
that the number of particles # is large, and n > m, so that different pairs of orbitals
dominate in the sums over the intermediate states). The even moments then are

M,, = Qv — DIN" Ty 2, (56)

(Note that the second moments M, here and in equation (55) are the same and the
difference emerges in the fourth order.) The moments (56) correspond to the
Gaussian level density

N E?
EF)=——exp| ——— ],
o (2nNV?)!/? p( 2NV2>

which is characteristic of the random two-body interaction model (Brody et al.
1981). A Gaussian level density is also a common feature of nuclear shell model
calculations (Brody et al. 1981, Horoi et al. 1995a,b, Frazier et al. 1996, Zelevinsky et
al. 1996) based on two-body Hamiltonians. These calculations are usually made in a
restricted one- or two-shell model configuration space, and it obscures the role of the
diagonal matrix elements Hy, in forming the level density in the full problem.f On
the other hand, if we apply equation (32) to a system with two-body interaction and
degenerate or near-degenerate many-body basis states, the solution for the strength
function and the density of states will come out in the form of a semicircle, and not a
Gaussian.

1 It is well known that the increase of the level density in a Fermi system, for example a
nucleus or an atom, follows the law p(E) x exp (aE'/z), derived for a non-interacting Fermi
gas (Rosenzweig and Porter 1960, Bohr and Mottelson 1969, Camarda and Georgopulos
1983).
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However, there is sufficient evidence that the presence of an increasing diagonal
in the Hamiltonian matrix restores the validity of equation (32). Physically, this is an
effect of the mean field on the orbitals, as described by the one-body term in the
Hamiltonian (2). The increase in spacings between the diagonal energies E,, in the
perturbation expansion (22) leads to the reduction in the higher-order contributions
(where the two-body nature of the interaction makes a difference). The Breit—Wigner
shape of the strength function (47) corresponding to X(E) = —inV?/D, is in fact
given by the second-order contribution in X, and all higher-order terms in expansion
(28) are equal to zero in this approximation. Additional evidence comes from numer-
ical calculations for the random two-body interaction model (G. F. Gribakin 1999,
unpublished). This was shown that even a small non-zero diagonal Hy;, generated by
the one-body term in equation (2) quickly restores the applicability of equations
(32)—(34) to the calculation of the strength functions and total density of states.

§ 3. STATISTICAL DESCRIPTION

3.1. Microcanonical partition function

In this section we are going to derive a partition function for a closed (isolated)
system of a finite number of interacting particles. Examples of such systems are
compound nuclei, complex atoms, atomic clusters and isolated quantum dots.
This function allows one to perform analytical and numerical calculations of statis-
tical mean values of different operators, for example occupation numbers.

Let us use the Hamiltonian (2) as a starting point. The one-body part
incorporates the effect of a mean field, ¢, being the energies of the single-particle
states (orbitals) in this field. The two-body part describes the residual interaction.
For simplicity, here we neglect any dynamic effects of the interaction such as pairing
and collective modes. Instead, we concentrate on the statistical effects of the inter-
action, therefore, in what follows we can assume that the matrix elements V5., are
random variables.

The exact eigenstates of the Hamiltonian |i) are expressed in terms of the simple
‘shell-model’ basis states |k) by means of equation (5). They are characterized by
their energies E\). As discussed in § 2, in complex systems they typically contain
large numbers N, >> 1 of principal components Ck , which fluctuate ‘randomly’ as a
function of mdlces i and k.

Let us consider the occupation number 7, of a single-particle state « in a chaotic
(‘compound’) eigenstate |i). It can be presented in terms of the eigenstate compo-
nents as

) —

« (Y| Z |C k|n(2|k> (57)

where 7i, = ala,, is the occupation number operator. Knowledge of the distribution
of the occupation numbers enables one to calculate the mean value of any single-
particle operator (M) = > n,M,,. Moreover, the variance of the distribution of
non-diagonal elements of M Wthh describe transition amplitudes between chaotic
eigenstates, can also be expressed through the occupation numbers n, (Flambaum
1993, 1994, Flambaum et al. 1994, 1996a, Gribakina et al. 1995).

As one can see from equation (57), the mean values of occupation numbers
depend on the shape of exact eigenstates, given by the ‘spreading function’ F (in
what follows, the F function):
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= | =~ F(E, ED). (58)

This function is closely related to the strength function (7) and the density of states

(11):
pw(E, k) ~ F(E, EY)p(E). (59)

It follows from the consideration in §2.1 (see equation (35)) that the residual inter-
action V strongly mixes the basis states k in the energy interval I' (spreading width)
near the eigenstate energy E'). Typically, this spreading function rapidly decreases
with an increase in | E, — EV| (since the admixture of distant component is small). In
agreement with the theoretical considerations, recent numerical studies of the
Cerium atom (Flambaum et al. 1994, Gribakina et al. 1995), the s—d nuclear shell
model (Horoi et al. 1995a,b, Frazier et al. 1996, Zelevinsky et al. 1996) and random
two-body interaction model (Flambaum etr al. 1996a,b) showed that the typical
shapes F of exact eigenstates are almost the same in different many-body systems
and have a universal form which essentially depends on the spreading width I". The
latter can be expressed in terms of the parameters of the model (intensity V of the
residual interaction, number 7 of particles, excitation energy, etc,; see equation (50)).
One can also measure the width of the F function (58) via the number of principal
components, N, ~ I'/D, where D is the local mean level spacing between the com-
pound states. In many-body systems the value of D decreases exponentially with
increase in the number of active (valence) particles. As a result, N, is very large,
about 10*-10° in excited (compound) nuclei and about 10>-10° in ex01ted rare-carth
or actinide atoms and many multicharged ions (Gribakin et al. 1999).

Using equations (57) and (58) and the normalization of the F function
>« F(Ei, E) =1, we can write

> F(E, E)
Zk (Eka ) ’
)

where n*) = (k|a, |k) equals 0 or 1, depending on whether the orbital « is empty or
occupied in the basis state k. This way of averaging the occupation numbers can be
compared with microcanonical averaging, since it is defined for a fixed total energy E
of a system. In fact, equation (60) is equivalent to the introduction of a new kind of
partition function

n,(E) = (60)

Z(E)=> F(E,E), (61)
k

which is entirely determined by the shape of the chaotic eigenstates. In what follows,
we term equation (60) the F distribution.

Equation (60) gives a new insight into the problem of statistical description of
complex systems. Indeed, as mentioned above, the shape of the F function has
universal features and can be often described analytically; therefore, in practice
there is no need to diagonalize the huge Hamiltonian matrix of a many-body system
in order to obtain statistical averages. Note that the summation in equation (60) is
carried out over the unperturbed energies E; defined by the mean field, rather than
over the exact eigenstates, as in the standard canonical distribution. As a result, the
distribution of the occupation numbers can be derived analytically (see § 5) even for
a few interacting particles, that is in the situation when the standard Fermi-Dirac
distribution is not valid.
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3.2. Transition to the canonical distribution
It is instructive to compare our F distribution (60) with the occupation numbers
in an open system at a given temperature 7' (e.g. a quantum dot with a fixed number
of electrons). We can calculate the effect of non-diagonal matrix elements of the
interaction on the distribution of the occupation numbers (the diagonal matrix
elements are included in the definition of E, = Hj;). This distribution is given by
the canonical equation
o (1) = S e (B0 T)
: >oiexp (—EV/T)
where T is the temperature and the index / enumerates exact eigenstates. The impor-
tant difference between the F distribution (60) and the canonical distribution (62) is
that in the former the occupation numbers are calculated for a specific energy E of
the system, while in the latter they correspond to a given temperature 7. However,
the results of calculations based on equations (62) and (57) can be compared with
each other using the relation between the energy E and the temperature T':

_ 2 EVexp (~EY/T)
X exp(—EV/T)

Let us substitute nf? from equation (57) into equation (62) and replace the
summation over i by integration over p(E) dE where p(E) is the eigenvalue density:

(62)

E=(E)r (63)

) E®
S e (- 5) = [m(prerE) ez, (64)
i
where we have introduced the ‘canonical (thermal) averaging’ function,
E
Or(E) = p(E)exp | —= |- (65)

As a result, we can transform the canonical distribution (62) into a form similar to
the F distribution (60):

oy Surl F B )
2 F(T, Ey)

where the function F(T, E;) is the canonical average of F:

F(T.E) = j F(E,, E)r (E)

—ew (-2 au(r) (67)
and
al1) = [ pu+ Bkyew (- 2). (69)

where z = E — E. This form of the canonical distribution which expresses the results
in terms of the basis components (instead of exact eigenstates) may be convenient for
the calculation of the occupation numbers and other mean values in quantum dots in
thermal equilibrium with an environment (with no particle exchange). The occupa-
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tion numbers in the basis states are nff> =1 or 0, and it is very easy to perform the
summation in equation (66) for n,(T) or in equation (60) for n,(E) numerically.

If the strength function pw(E, k) is a function of E — E; only, that is we can
neglect the separate dependence of X, (E) on the energy E and index k (see equation
(35)), the function g (T) becomes independent of the energy E; and index k. In this
case g(T) is a common factor which cancels out in the equation (66) for the occupa-
tion numbers. This is a surprising result, because it means that the distribution of the
occupation numbers does not depend on the non-diagonal matrix elements of the
interaction! The diagonal matrix elements of the interaction included in Ej can still
be important, especially in systems with a small number of active particles (see for
example Flambaum et al. (1998b) who discussed the numerical calculation of the
occupation numbers in the cerium atom with four electrons in the open shell).
However, quite often we can strongly reduce the diagonal matrix elements of resi-
dual interaction by a proper choice of the mean-field potential (e.g. one can use the
Hartree—Fock potential with temperature-dependent occupation numbers). In this
case, one obtains the Fermi—Dirac (or Bose—Einstein) distribution of the occupation
numbers with single-particle energies which may depend on temperature. Note that
the ‘initial’ interaction between the particles is not assumed to be small!

There are several reasons why this conclusion is not applicable at low tempera-
tures. If the excitation energy Ej; — E,;, is smaller than the spreading width I’, one
has to take into account the energy-dependent limits of the integral in equation (68).
The approximation of a constant shape of the strength function py may be valid for
highly excited eigenstates only. The low-energy states described by the Breit—-Wigner
shape have the width I'y,(E) which may have a strong energy dependence. Finally, at
very low excitation energies the condition of equilibrium Vy,, > d; is not satisfied,
and there is no equilibrium distribution F. Therefore, for very low temperatures,
equations (66) and (67) are not applicable. However, in this range there are good
traditional approaches such as the Landau-Migdal Fermi-liquid theory for finite
systems.

3.3. Transition to the Fermi—Dirac distribution
Let us now show how the standard Fermi—Dirac distribution emerges directly
from the F distribution (60) for a closed system, in the limit of large number of
particles. By separating the sums over the states & with ng() =0 and nff> =1, equa-
tion (60) can be rewritten as

0+Z(y(n_ laE_é(y)

E =
n(!( ) Z(y(n - laE - 5(!) +Z(y(naE)
Z.(n,E) -
=1 - . 69
( +Z(y(n - laE_g(y)> ( )

Here, two ‘partial’ partition functions Z,(n,E) and Z,(n—1,E —£,) have been
introduced. In the first (") = 0), the summation is carried over all basis states of
n particles with the orbital a excluded: Z,(n, E) = > F(E,,E). The second sum
Z,(n—1,E—¢,) includes all basis states of n— 1 particles with the orbital «
excluded. The latter corresponds to the basis states in which the orbital « is filled
(n®) = 1); hence, the energy &, = Ej(n) — Ex(n — 1) of this orbital must be sub-
tracted from the total energy E of the n-particle system. (Here we in fact assume
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that the F function depends on the difference £, — E only.) The energy £, can be
obtained as

5(! = E&a + Z U(yﬂni’iha (70)
B#a
where ¢, is the energy of a single-particle state and U,3 =V 53, — Vagap 18 the
diagonal matrix element of the two-body residual interaction (direct minus
exchange) (see equation (2)). By considering &, to be independent of k we assume
that averaging over the basis states near the energy FE is possible. This assumption is
equivalent to a local (at a given energy) mean-field approximation.

We should stress that this approximation is most important in deriving a good
mean-field description from equation (2) for realistic systems. For example, in the
cerium atom there are several orbitals belonging to different open subshells (4f, 6s,
etc.), which are quite close in energies and yet have very different radii. As a result,
the Coulomb interactions between the electrons in such orbitals are very different
(Flambaum et al. 1998b). In this case the second (interaction) term in equation (70)
fluctuates strongly, depending on the occupation numbers of the other orbitals. As a
result, there is no good mean-field approximation, and the equilibrium distribution
of the occupation numbers is very different from the Fermi-Dirac distribution
(Flambaum et al. 1998b). However, the F distribution (60) gives a good description
of the occupation numbers. In other cases, for example, the two-body random
interaction model (Flambaum et al. 1996a,b, Flambaum and Izrailev 1997a,b) or
the nuclear shell model (Horoi et al. 1995a,b, Frazier et al. 1996, Zelevinsky et al.
1996), the local mean-field approximation is quite accurate.

For a large number n > 1 of particles distributed over a large number m > 1 of
orbitals, the dependence of Z, on both n and £, is very rapid, since the number N of
terms in the partition function Z, is exponentially large: N = m!/[(m — n)!n!]. To
make the dependence on the arguments smooth, we should consider In Z,, instead of
Z,, and then expand

In [Z(y(n - Al’l, E - 5(!)] ~ In [Z(y(na E)] - A(y An — B(yg

)

where

d(InZ,) d(InZ,)
A =—"99 B =——9 An=1. 71
« an Y « aE Y n ( )
This immediately leads from equation (69) to a distribution of the Fermi—Dirac type:
1

n, = .
“ 1 + exXp (A(y + B(yé(y)

(72)

If the number of essentially occupied orbitals in the definition of Z, is large, the
parameters 4, and B, are not sensitive as to which particular orbital « is excluded
from the sum and one can introduce 4, = 4= —u/T,and B, = B=1/T, as in the
standard Fermi—Dirac distribution. The chemical potential i and temperature T are
determined implicitly by the total number of particles and energy of the system:

dona=n,
@

Z ENg + Z Uaﬂn(ynﬂ = %Z ny (Ea + 5(!) =L
@

a<p «a

(73)



2160 V. V. Flambaum and G. F. Gribakin

Note that in equations (73) and (70), the terms containing the residual interaction
U, can be substantially reduced by an appropriate choice of the mean-field basis
(for instance, the terms U, 3 may have different signs in such a basis). In practice, the
values ¢, and &, can be very close. Since in equations (73) the non-diagonal matrix
elements of the interaction are not taken into account, one can expect that the
distribution of the occupation numbers defined by these equations gives correct
results if the interaction is sufficiently weak (ideal-gas approximation). However, it
can be shown (Flambaum and Izrailev 1997a,b) that even for strongly interacting
particles the Fermi—Dirac distribution can be applied, if the total energy E is cor-
rected by taking into account the increase in temperature due to statistical effects of
the interaction.

One should also note that a somewhat similar procedure transforms the cano-
nical distribution (62) into the Fermi—Dirac distribution (for example Reif (1965)) in
the case of many non-interacting particles (ideal gas). It is curious that the Fermi—
Dirac distribution is very close to the canonical distribution (62) even for a very
small number of particles (rn = 2), provided that the number of essentially occupied
orbitals is large, that is for T > ¢ or u > e. In fact, this results from a large number
of ‘principal’ terms in the partition function Z,, which enables one to replace 4, by
A in the ratio Z,(n,T)/Z,(n—1,T) = exp (4, + Be,) in the canonical distribution
(62) (cf equation (69)).

A more accurate consideration shows, however, that the temperature T in the
Fermi-Dirac distribution is different from that in the canonical distribution. Indeed,
using the expansion 4, = A(eg) + 4'(e, — ), wWhere e is the Fermi energy, one
can obtain a relation between the Fermi-Dirac (Bgp) and canonical (B) inverse
temperatures: Bpp = B+ A’cp. The definition of the chemical potential also
changes: —u/T = A(eg) — A'cp. This is confirmed by numerical simulations for a
closed system of few interacting Fermi particles (Flambaum et al. 1996a,b,
Flambaum and Izrailev 1997a,b). The simulations show that, for the same total
energy E of the system, the canonical and Fermi-Dirac distributions give identical
distributions n,. However, they correspond to different temperatures determined by
equations (63) and (73), respectively.

The similarity of these two distributions for any number of particles is not so
surprising in the presence of a thermal bath, where even a single particle is ‘in
equilibrium’. On the other hand, for closed systems with small numbers of particles
the applicability of the Fermi—Dirac distribution is not obvious. To answer this
question, one needs to analyse the role of interaction in the creation of an equili-
brium distribution (§2).

§4. STATISTICAL DESCRIPTION OF TRANSITION AMPLITUDES

4.1. Mean-squared matrix elements

Several approaches have been suggested to calculate matrix elements between
compound states. Urin and Vyazankin (1991) expressed the mean-squared matrix
element in terms of the strength function of a cold nucleus and calculated the latter
semiempirically in the framework of ‘temperature mechanism’. The calculations by
Johnson et al. (1991), Johnson (1995) and Johnson and Bowman (1995) were based
on the the work by French er al, (1988) and used the assumption that the mean-
squared matrix element of the parity-non-conserving interaction is proportional to
that of the residual shell-model strong interaction. In this section we consider a
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statistical method described previously (Flambaum 1993, 1994, Flambaum and
Vorov 1993, Flambaum et al. 1994, 1996a, Gribakina et al. 1995). It can be applied
to calculation of mean-square matrix elements between chaotic (compound) states

(5).

Let us consider a single-particle operator
M = Z alaﬂM(yﬂ = Z p(yﬂ M(yﬂ' (74)
af af

It is convenient to express the matrix elements of M in terms of matrix elements of
the density matrix operator p, 5 = afyaﬂ, which transfers a particle from orbital 3 into
orbital .. One can see that the matrix element of NI between the compound states 7,
and n,,

(ny |M|”2 Z sl lpaslng)
af

= Z af Z C |p(yﬂ|] (75)
af

has zero mean owing to the statistical properties of the components, that is

(m1]paslna) = 0.
The variance of the matrix elements of NI can be presented in the following form:

|Mn|n2 Z |Maﬂ | |<I’l] |p(yﬂ|n2>‘ ) (76)
af

where we have taken into account the result obtained by Flambaum ez al. (1996a)
that the average of the correlator

(11| pasla) (o] oy m) = > € I ™ il gl (1 s, ) (77)
ijkl

is zero, unless v = a, = 3. Therefore, the calculation of |M,,I,,2|2, or a correlator

M, ,, W, is reduced to the calculation of [(n;|p,s|n,) \2. The variance of the matrix
element p,; between the two compound states can be transformed into

| (Z;nz = (n1|paglna) (nalpgalni)
- Z c{(nuc}mC}((nac;nz)<i|puﬂ|k)<z|pﬂa| )
ijkl
— S (nyny) + S ”I”z (78)

where we separate the diagonal and non-diagonal contributions to the sum (78):

8 = 3216 PG PldpaaliOf (79)
S8 =3 G G lpaslk) lpsal - (80)
i#f, k£l

Note that the diagonal term S mm) g essentially positive. If the eigenstates are
completely ‘random’ (different components both inside each eigenstate and of dif-
ferent eigenstates are uncorrelated), the correlation sum S, is zero, and the variance
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is determined by the the diagonal sum Sy (this assumption was used in the previous
calculations of matrix elements between the compound states (Sushkov and
Flambaum 1982, Flambaum 1993, 1994, Flambaum and Vorov 1993, Flambaum
et al. 1994, Gribakina et al. 1995)). However, as we show below, in many-body
systems these two terms are of the same order, S, ~ S, even if the two-body inter-
action V is random.

Following Flambaum et al. (1994) and Gribakina et al. (1995), let us replace the
squared eigenstate components in equation (79) by their averages (F functions),
equation (58).7 The diagonal sum now takes the form

nlnz ZF (E;, E")F(E,, E"™) (i il paglk) (klpgali). (81)

The summation over k for a fixed i includes only one state, |k) = pg,li), with
Ey = E; + wg,, where wg, is the difference between the single-particle energies:
Waa R €g — €, On the other hand, we can write

k

where 7, = al,a, and g = agaﬂ are the occupation number operators. Thus, we
obtain

SE) =" F(E, EM)F(E; + wgy, EM))(ilA, (1 — )| (83)
i

The matrix element (i|#, (1 — 73)i) is equal to unity if the orbital « is occupied
and (3 is vacant in the basis state |7); otherwise, it is zero. Both F values in equation
(83) are smooth functions of energy normalized as ) _; F(E;, E(”‘>) = 1. This allows
one to replace the matrix element of 7, (1 —7i5) by its expectation value:

(ilg (1 = ng)li) = Z F(E;, E™) (il (1 = ig)li)

_Z|C |na l_nﬂ)|>

~ (ﬁ(y(l - ﬁﬂ))nl . (84)

The sign ~ above is a reminder that the left-hand side is the local average over the
states |n;). Practically, when the number of components is large, the fluctuations of
(o (1 — 1)), are expected to be small. Now we can rewrite equation (83) in the
following form:

Sé"'nz) - ZF F(E, + wﬂ(wE( 2y, (85)
It was shown in Flambaum et al. (1994) and Gribakina et al. (1995) that, under

some reasonable assumptions about the F' functions, one can introduce a ‘spread 6§
function’ 6(4),

T As usual, the averaging can be made either over a number of realizations of the two-body
interaction matrix elements (ensemble average), or over a number of neighbouring eigenstates
(physical energy average). In the spirit of ergodicity the results are assumed to be the same.
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DZ_]Z E Enl (Ei+wﬂ(wE(nz>)

dE;
:DZ_]JD_[F(EiaE(nl>)F(Ei+wﬂ(wE(nz>)a (86)
1

where 4 = E™) — E(") _ wg, and D and D, are local mean level spacings for the n,
and n, eigenstates. The function §(4) is symmetric, its characteristic width is deter-
mined by the spreading widths of the eigenstates n; and n,, I' ~ I'y + I'», and it is
normalized to unity, [§(4)d4 = 1, just as the standard & function. If the F values
have Breit-Wigner shapes (see § 2), § is also a Breit-Wigner function:

- 1 12

6(4) ng, (87)

with I' = TI'; + I',. The fact that Sé"‘"” is proportional to the function §(4) is a
particular manifestation of the energy conservation for transitions between the qua-
sistationary basis states (Flambaum 1993, 1994, Flambaum and Vorov 1993) (if
I' — 0, then §(4) — 6(4)). Using equations (76), (85) and (86) we can finally present
the diagonal contribution to the variance of the matrix element M, ,, in the follow-
ing form:

Vl|nz|d1dg Z |M(yﬂ| ﬁﬂ»nlng(E(nZ) - E(”I) - wﬂ(y)' (88)
af

This expression is apparently asymmetric with respect to the states n; and n,. By
performing the calculation in a different way we can obtain

st = (n, ZF — Wy EMYF(Ep, E™) (89)

instead of equation (85), thereby arriving at a different formula for the variance:

n|n2|dldg Z |M(yﬂ| ﬁ(y))nleg(E(”z) - E(”I) - wﬂ(y)' (90)
af

In this form the occupation-number factor is calculated for the state n,; it represents
the probability of finding orbital 3 occupied and « empty. If the assumptions made
in the above derivations are correct, the two equations (88) and (90) should give
identical results.

Previously (Flambaum et al. 1996a) we used the random two-body interaction
model to check the accuracy of the statistical formulae derived above and found that
the values of S (mm) given by equations (85) and (89) almost coincided and were in
good agreement with the initial expression (79). Similar tests were also made in the
calculations for the cerium atom (Flambaum et al. 1994, Gribakina et al. 1995).

It is quite important for applications of the statistical approach (Flambaum
1993, 1994, Flambaum and Vorov 1993, Flambaum and Gribakin 1995,
Flambaum et al. 1998a) that further simplifications be made by replacing the corre-
lated occupancies product (i, /3), in equation (84) by the product (i), (i13), of the
two mean values. This is definitely a valid operation when the numbers of excited
particles and active orbitals are large, so that the occupation numbers for different
orbitals become statistically independent. Then one would be able to use the follow-
ing relation:
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(ﬁ(y(l - ﬁﬂ)) ~ I’l(&‘a)[l - I’l(&ﬂ)], (91)

where n(e,) and n(e,) are the occupation numbers. This approximation was tested
by Flambaum et al. (1996a) using the random two-body interaction model. Even for
a system of four particles the accuracy of equation (91) remained reasonable, the
error being about 10% . This error is larger for the lowest eigenstates where the
number of principal basis components is small and there is little or no thermalization
and ‘chaos’. In order to make a more direct test of the validity of equation (91), a
correlator (Ayfig), /((fia), (fig), ) was calculated as function of n;. For a small num-
ber of particles (n =4), this correlator displayed large fluctuations, however, its
average value of about 0.8 was still rather close to 1.

If the number of excited particles is large, one can use the Fermi-Dirac formula
for the occupation numbers:

n(e) = 1

T+ exp[(c — w)/T]

(see § 3.3) with the temperature T and chemical potential (Fermi energy) p found
from equations (73). Equations (88)—(91) together with equation (73) allow one to
make computer calculations of the mean-squared matrix elements between com-
pound states.

Following the same steps for a two-body operator

ZZ (yﬂ’yéa(yaﬂa ds, (93)
afyod

(92)

we obtain the following expression for the mean-squared matrix element:

5 ~
|Un|nz|d1dg 4 Z | afyd Uaﬂé’y| (n(ynﬂ(l - n’y)(l - né))nlDZ(S(w - w’yé,uﬂ)a (94)
afyd

whe.re w= E.(”.” — E™) and Wasag = €4+ €5 — €4 — €5 is the energy of the two-
particle transition «, 8 — v, 6.
We can also calculate the correlator Cyw between the matrix elements of two
operators M and W with identical selection rules:
C = M”l ”z W”z”l

1/2
(M, P W)V

nn
_ Z(yﬂ af ﬂ(y|p(yé ) (95)

1/2 1/2
(Cag Mgl 1088 ) 2 (0 Wl lols™ )Y
s s

One can easily see that |Cyw| = 1 if the matrix elements W, and M4 are propor-
tional to each other (M,; = constant x W), or if there is only one dominating
single-particle transition, say, s — p (Mg, > M,3 and Wy, > W5 for all a #s,
B # p). Usually there are several important single-particle transitions near the
Fermi surface (¢ = 10). If there are no special reasons for the coherence or cancella-
tions one may expect |Cyw| = 1/¢'/? ~ 0.3. However, in the most interesting case of
P-odd and P,T-odd interactions there are pairs of opposite-sign contributions.
Indeed, the matrix elements of the weak parity-non-conserving interaction are
imaginary, Wpg, = Wi;=—W,5, while the matrix elements of the P,T-odd
interaction are real, My, = M, 5. Therefore, we have pairs of opposite-sign terms:
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W(yﬂMﬂ(JpEi’l}nz”z + Wﬂ(yM(yﬂ|ngylnz> |2 = W(yﬂMﬂ(y“pE:’énz”z - |pgla|”z)|2),
which is proportional to n,(1 — ng) — ng(1 — n,). This partial cancellation makes the
correlator small (|Cyw| < 0.3), which means that in practice the matrix elements of
the P, T-odd and the P-odd weak interactions are statistically independent.

Note that equations (88) and (94) for the matrix elements M,, ,, and U, ,, respec-
tively have a simple interpretation. The transition o« — 3 takes place if the orbital «
is occupied and 3 is vacant. Accordingly, the factor n, (1 —ng) selects transitions
near the Fermi surface. In the limit I'; + I, — 0, the function ¢ transforms into a
conventional ¢ function. Therefore, it reflects the ‘conservation of energy’ for the
quasistationary states with finite widths I'; and I',. The M1 operator “favours’ the
transitions between the compound states with the energy difference E (m) _ gm) =,
close to wg,, where wpg, is the energy difference between the energies of the single-
particle orbitals coupled by M. In the case when w ~ Waas

— 2D, \'2 M,
2\1/2 Q

(0 PO ~ 1, (22) (96)
p2

where M5 is the single-particle matrix element, and we have used equation (87) and
assumed that the number Ny, of principal components is large (much greater than
unity). Far from ‘resonance’, at |w —wpg,| > I' the matrix element is suppressed by
the factor I'/|w — wg,| (in the Breit-Wigner model). This suppression is especially
important for the calculations of the weak matrix element between nearby com-
pound states in nuclei, where w = 0, wg, ~ 5-10MeV > T =~ 2MeV.

4.2. Correlations due to the two-body interaction

In this section, following Flambaum e? al. (1996a), we show how the basic two-
body interaction gives rise to specific correlations between the Hamiltonian matrix
elements, components of ‘chaotic’ eigenstates, and transition amplitudes.

Our consideration is based on the random two-body interaction model, origin-
ally introduced by French and Wong (1970) and Bohigas and Flores (1971). In this
model, » Fermi particles are distributed among m non-degenerate orbitals with
energies ¢, coupled by random two-body matrix elements V,g4.5. The many-body
basis states |/) are constructed by specifying the n occupied orbitals. The energy E;
of the basis state equals the sum of the single-particle energies over the occupied
orbitals. The total number of the many-particle states in the model is
N =m!/[nl(m — n)!] ~ exp {nln (m/n) + (m — n)In[m/(m — n)]}. The latter estimate
relates to large m and »n and shows that N is exponentially large for n,m —n > 1.

The number of independent parameters of the many-body Hamiltonian is given
by the number of different two-body interaction matrix elements V5.5 and equals
N, = m?*(m — 1)2/2. Because of the two-body character of the interaction, the
Hamiltonian matrix element H; = (i[H|j) is non-zero only when [i) and |j) differ
by no more than two occupied single-particle orbitals. As a result, the number K of
the non-zero matrix elements H; is given by

K= N(K)+ K| +K,),
where

Ky=1, K =n(m—n), Ky=in(n—1)(m—n)(m—n-1), (97)
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are the numbers of the Hamiltonian matrix elements coupling a particular basis state
i to another basis state j which differs from i by the positions of no particles, one
particle and two particles respectively. Therefore, for n,m —n>1 we have
N, <K KK N?, that is the Hamiltonian matrix is essentially sparse and, in a sense,
strongly correlated.

To see the correlation between non-zero matrix elements, let us consider a pair of
basis states |/) and |j) which differ in the states of two particles, for example the state
|/) can be obtained from the state |/) by transferring the particles from the orbitals
«, 8 into the orbitals ~, 6. For all such pairs, the Hamiltonian matrix elements are the
same: H; =V 4, (or, strictly speaking, H; = £V ,3,, owing to Fermi statistics). It
is easy to calculate the total number N, of the matrix elements H;; equal to V45,
using the fact that the remaining n — 2 particles can be arbitrarily distributed over
m — 4 orbitals:

(m—4)!

Neo = i =30 —n = 2" (%)

For basis states |i) and | j) which differ in the state of one particle (« — () the matrix
element Hj equals the sum of the n—1 two-body interaction matrix elements,
Hj =3 Vayp (the index y runs over the rest n—1 occupied orbitals). In this
case Hj; for different |i) and |j) (with fixed o and () do not coincide but may contain
identical terms V.3, that is they are also correlated.

The eigenstates |n;) of the model are determined by their components C ) with
respect to the many-particle basis states |i) and can be found by solvmg the
Schrédinger equation:

> HyC = EMOC, (99)
J

It is rather straightforward to show that the correlations between H;; result in
correlations between the components C ™) . Indeed, let us multiply the Schrédinger
equatlon by the coefficient C ) and sum over n;. Using the orthogonality condition
>on, cm G () 5, one obtains

i ij>
Hy=>_ cM™Em ™, (100)
n

In what follows, we assume that the matrix elements of the two-body interaction V
are random variables with the zero mean, therefore, H; = 0 for i # j. In this case,

one can obtain Cf"‘)C,(("‘) =0 where the line stands for averaging over different
realizations of V. However, if matrix elements of the Hamiltonian are correlated,
H;Hy, # 0, the components of different eigenvectors |n;) and |n,) are also correlated,
since

HyHy =Y C"WEMC™ ™ Em ™) £ 0. (101)
nyny
The latter relation shows that CE"”C}"‘)C,(("Z)CI("Z) # 0.

This effect has important consequences. Below we show how these correlations
emerge in the non-diagonal term S, (equation (80)). First, note that for a given i the
sum over k in equation (79) for Sy contains only one term, for which
k) = agaaﬁ) = |i'), determined by transferring one particle from the orbital « to
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the orbital 3 in the state |i) (hereafter we shall use the notation i’ to denote such
states). Accordingly, the index i runs over those states in which « is occupied and 3 is
vacant. For such i and i’ the matrix element (i[p,s/i") = 1; otherwise, it is zero.
Therefore, in fact, the sum in equation (79) is a single sum, with a number of
items less than N:

Z (oS (102)

where the sum Z/ runs over the specified i. Analogously, equation (80) can be
written as the double sum over i and j specified as above:

st = 3" el e ‘el (103)
i#]

where /' is a function of j, |j) = agaa|j). Note that the energies of the basis states
and their primed partners are connected as E;, — E; = eg—€q = £y — Ej.

One can expect that maximal values of the sum (102) and, possibly, the sum (103)
are achieved when the C values are principal components of the eigenstates.
This means that the mean square of the matrix element |(n; |paﬂ|n2)‘2 is maximal
when the operator p,; couples the principal components of the state |n;) with those
of |n,), that is for E™) — E") ~ ¢, 3 =€, — 5. Far from the maximum
(|E(”'> — EM™) _ ¢, .3/ > I') a principal component of one state, say, n;, is coupled
to a small component k of the other state n, (|E; — E™) | > I'). The latter case is
simpler to consider analytically, since the admixture of a small component in the
eigenstate can be found by means of perturbation theory. This approach reveals the
origin of the correlations in the sum S, (equation (103)). For example, if C is a
small component of the eigenstate n;, then it can be expressed as a perturbatlon
theory admixture to the principal components. If C ) is one of the latter, then there
is a term in the sum (103), which is proportional to the principal component squared,
Teillis

Indeed, there are four possibilities:

i) ¢ and C},"” are among the principal components, and C}"') and C")
correspond to the small components. Then, one can write

M) H,

(m) _ < _N 5/4 (n)
G = Em) _E. Z £ _ E. G, (104)
J P ‘J
(my) _ ( |H|I’l2> _ ~ H/’q (n,)
=g E; ZE(n ) _E, < (105)

The tilde above the summation sign indicates that the summation runs
over the principal components only. The ‘coherent’ contribution to the sum
S, in equation (103) is obtained by separatm g the squared contributions of
the principal components in the sums in S{"™) (i.e. p =i, q = j'):

i// Hi’j’FIji |C
(E(nz> — Ei,)(E(”O — Ej)

PRI, (106)

i

ij
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Taking into account that for the principal components we have E; ~ ~ E™)
and E; ~ E™) we can replace the energies, E; — E"™) + wm and
E; — £ — wpse and thus obtain the following contribution to Se (mina).

— " 107
o g ngw jles (107)

(i1) C}"‘) and Cf,"Z) correspond to the principal components, and Cf"'> and CJ(,"Z)
correspond to the small components. Then, the result is the same as
equation (107).

(iii) ™) and G (") are pr1n01pa1 components and C ) and G (n2) are small
components (or (iv) C; (") and C 2) are principal components, and C and
CJ("') are small components) In these cases there are no coherent terms in
the sum for S in equation (80). This follows from the fact that for chaotic
eigenstates the mixing among the principal components is almost complete,
which makes them, to a good accuracy statistically independent.

Thus, far from the maximum, |E(”2> — EM) — wge| > I', one obtains

smm) dle C 108
¢ (E(m_ o) ;I | H;; (108)

A similar calculation of the diagonal sum Sé"‘"Z) (equation (79)) yields

1
(E(”z) — Em) _ wﬂu)z

y <Z’Z’|Cf”‘>|2|C;7z>|2_Hi2,j, S Z’|C}”'>|2|C},”2>|ZF§>. (109)
T T

(mny)
Sdlz ~

The two terms in the large parentheses, result from the contribution of principal i
and small 1 components in equatlon (102), and vice versa. From equation (108) we
see that "™ =0 if H;;H; =0. However, there 1s nearly a 100% correlation
between these matrix elements Indeed, the basis state i’ differs from i by the location
of only one particle (the transition from the orbital « to 3), and the same is true for ;'
and j.

Let us estimate the relative magnitudes of S4 and S,. First, consider the case
when |i) and |j) differ by two orbitals: |j) = a,T,zaT a,a,|i). In this case,

Ha ™
Hjj =V, 10, Since the basis states |i') and |;’) must differ by ‘the same two orbi-
tals, we have H;y =V, , ., = H;; (note that vy, uy, v5, uy # «, 3, since both states

|i) and | j) contain « and do not contain 3, whereas |i’) and |j’) contain 3 and do not
contain «). Therefore, the averages over the non-zero matrix elements between such
pairs of states are H;H;; = Hj = H,, = =V

Now, let us consider the case when |/) and | ) differ by one orbital |j) = a a, |i).
In this case the Hamiltonian matrix elements are the sums of the n — 1 two body
matrix elements,
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n—2
Hij = E Vl/]uw/z + VI/](Y(YI/z)
nF#a

n—2

Hi’f’ = Z VVI##VZ + VVlﬂﬂVz'
n#p

The sums of n — 2 terms in Hy; and H;;» coincide; the difference is due to the one term
only (orbital « is replaced by the orbital ). Thus,

Hini’j' = (l’l - Z)Vz,

(H;)* = (Hi’j’)z =(n—1)V?

)

where we took into account that V., , V. \ 4 = VZ(S,mI O Oy, O -

The contributions of one-particle and two-particle transitions in equations (108)
and (109) representing S, and S respectively will be determined by the numbers of
such transitions allowed by the corresponding sums. For the single-prime sums in
equation (109) these numbers are proportional to K; and K, (equation (97)). In
the double-prime sum in equation (108) these numbers are proportional to K,
and K,, the numbers of the two-body and one-body transitions i — j, in the
situation when one particle and the two orbitals (o and ) do not participate
in the transitions. These numbers can be obtained from equation (97) if we
replace n by n—1, and m by m—2, so that K =@m—1)(m—n—1),
Ka=mn—-1)(n—-2)m—n—1)(m—-n—2)/4. Finally we obtain that at
|E") — gm) wge| > I' the contribution of the correlation term to the variance
of the matrix elements of p,5 can be estimated in the ratio as

SC
R=—
d
__(”—2)k1+K2
(- DK+ K
_ m=2m—-—n-1)(m—-—n+2)
N n(m —n)(m—n+3) (110)

This equation shows that for n = 2 we have S, = 0, which is easy to check directly,
since (H;;H;;) = 0 in this case. For n > 2 the correlation contribution S, is negative
at the tails of the strength distribution. This means that it indeed suppresses the
transition amplitudes off-resonance. For n,m — n > 1 the ratio R is approaching its
limit value —1. It is easy to obtain from equation (110) that, for m —n > 1,

e 4 Rr—— (111)

Thus, surprisingly, the role of the correlation contribution increases with increasing
number of particles.
For n =4, m =11 (N = 330), one obtains R = —0.39, which means that the

correlation contribution reduces the magnitude of the squared matrix elements
M2 = o

= |p, between compound states almost by a factor of 2 (for
|E() — EUm) Wge| > I'). The ratio found in numerical experiment is R ~ —0.45.
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We would like to stress that the role of the correlation term does not decrease
with increases in the numbers of particles and orbitals. This prediction is supported
by numerical experiment for n =7 and m = 14, N = 3432. The numerically found
ratio is R~ —0.7 versus R = —0.55 obtained from equation (111). The correlation
contribution should be even more important in compound nuclei, where N ~ 10°.
This case can be modelled by the parameters n» =10, m = 20; then we have
R = —0.66 or, equivalently, (Sq + S.)/Sq = 0.34, which means that the correlations
suppress the squared element M? between compound states by a factor of three (far
from its maximum).

It is worth emphasizing that the existence of correlations due to the perturbation
theory admixtures of small components to the chaotic eigenstates, which leads to a
non-zero value of S, (equation (103)), is indeed non-trivial. For example, if one
examines the summand of equation (103) as a function of i and j, it would be
hard to guess that the sum itself is essentially non-zero, since positive and negative
values of C; (m) CJ"‘ C[("2>C(" ») seem to be equally frequent and have roughly the same
magnitude (Flambaum et al. 1996a)

Since 33, S{""™) =, S (mm) _ ) (see below), the suppression of M at the tails
should be accompanied by correlational enhancement of the matrix elements near
the maximum (at |E(2> —EM— wgo| < I'). Thus, we come to the important conclu-
sion that, even for a random two-body interaction, the correlations produce some
sort of a ‘correlation resonance’ in the distribution of the squared matrix elements
M?2. One should note that this increase in the correlation effects in the matrix ele-
ments of a perturbation can be explained by the increased correlations between the
Hamiltonian matrix elements when the number of particles and orbitals increases
(N/n o« expn).

Now we can estimate the size of the correlation contribution S, near the max-
imum of the the M? distribution (at |E"™) — E™) — wg,| < T'). First, we show that,
after summation over one of the compound states, the correlation contribution
vanishes. Indeed,

DTSt =3 N e e ™ ¢ il pslk) sl /)
ny

ny Akl
= Z C m) ”1 |p(yﬂ|k> l|pﬂ(y|] Z C )
i#] k#l n
=0, (112)

where we take into account that the sum over #, in the expression above is zero for
k # 1. Therefore, the negative value of S{"™) at |[E™) — E™) — 4, | > T' must be
compensated by its positive value near the maximum. The sum rule (112) allows one
to make a rough estimate of S, near the maximum of Sy (and M?).

Let us assume that S, = R, Sy at |[E") — E") — Wga| < I'/2, whereas S, = RS
at |[E™) — Em) Wgo| > I'/2 (R, is given by equation (111)). The distribution of
Sé"‘"Z) can be reasonably approximated by the Breit—-Wigner shape (see § 2):

mm) _ A

- - 113
d E2+I_,2/4) ( )

where E = E™) — Em) — Wge» and I' =T, + T, . The sum rule (112) implies that
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r2 dE > dE
Y L (14
Since the two integrals in the above equation are equal, we have R, = —R,. Thus,
near the maximum the correlation contribution S, is positive and enhances the
squared matrix element with respect to the diagonal contribution:

M:1+R
Sq m
=2-(1+R)
zZ(l—L) (115)
n(m — n)

For larger n and m the correlation enhancement factor asymptotically reaches its
maximal value of 2. The numerical calculations for n =4, m =11, and n =7,
m = 14, show that the enhancement of M? with respect to Sy at the maximum is
even greater in size than that predicted by equation (115). This is not too surprising
since in equations (113)—(115) we estimated the average value of R, over an interval
AE =~ I' around the maximum rather than the peak value at the maximum.

It is interesting that the correlations create a sharp spike-like form of the dis-
tribution, instead of a smooth Gaussian or Breit—-Wigner form (see the details given
by Flambaum et al. (1996a)). With such sharp peaks, the strength function for any
particular operator M can have the so-called gross-structure, owing to many single
particle transition terms in equation (76). Without these specific correlations, the
strength function would be much smoother and the gross structure would not be
seen. It is also interesting to note that there are very large mesoscopic-type fluctua-
tions in the distribution near the maximum, depending on a specific (random) reali-
zation of the two-body interaction V. This is also the consequence of strong
correlations.

A similar estimate of S, near the maximum can be obtained by the direct calcu-
lation of the small component contribution to S, (equation (103)). On an assumption
that there are no correlations between principal components of compound states we
can separate the contribution of small components. For example, 1n the resonance
51tuatlon E"™) — E") x wy,, if the components SJ("‘) and S () are small

(|E; — E™) | > I' and, consequently, |E; — | > F) then they contam contribu-
tions proportional to the prmmpal com onents C ) and C (n2) (see equations (104)
and (105)). Analogously, S ™) and s may be among the principal components,
and then the small components C v and C (") will contain correlated contributions.
Thus, we have the following estimate:

”I”z ”1) 2| ~(m))2 gy

22 > lemrier) E T E)E E (116)
small, j ]

Since Ey —E;j=Ey — E; ~ E™) — E™) for the principal components i and i,

EM) — E; and E™M™) E; in the denominator always have the same sign, and S, is

positive (recall that H H;;; > 0). Equation (116) can be estimated using the spread-
ing width I' = ZnHZ/D where D is the mean level spacing for the many-body states.
This yields S, Sd, in agreement with the previous estimate (115).
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§5. CONCLUSIONS

In this work we have formulated a statistical approach to isolated finite systems
of interacting particles, which plays the same role as the canonical approach for
systems in equilibrium with the thermal bath. It can be applied to complex many-
body systems, for example compound nuclei, rare-earth and actinide atoms and
multicharged ions, atomic clusters and quantum dots. The key point of this
approach is a new kind of partition function defined by the shape of chaotic (com-
pound) eigenstates (F function) with respect to the many-particle basis of a system
without residual interaction (Slater determinants). This function is related to the
strength function, which can be found from a set of equations obtained by statistical
self-averaging in the system.

The F distribution allows one to calculate mean values of different operators as a
function of the total energy E of the system. As an example, we have considered the
occupation numbers 7n,(E) and made comparisons with the standard canonical
approach, which gives n,(T), where T is the temperature of an open system. In
large systems (thermodynamic limit) the distribution of the occupation numbers
n, tends to the canonical distribution with the temperature T~ ' =d(Inp)/dE
where p(E) is the energy level density.

Another important area of applications of our approach is the calculation of
non-diagonal mean-squared matrix elements (transition amplitudes) between the the
chaotic eigenstates in complex many-body systems. We show that the two-body
nature of the interaction between the particles gives rise to specific correlations
between the components of ‘chaotic’ compound eigenstates. These correlations,
together with the correlations between the many-body Hamiltonian matrix elements,
result in a relatively large correlation contribution to the mean-squared matrix ele-
ment. The correlations exist even if the two-body matrix elements are independent
random variables, for example in the random two-body interaction model. We
demonstrate that the correlations can be understood in terms of the perturbative
mixing of distant (small) components to the principal components of the eigenstates.
If the Hamiltonian matrix elements are random variables the correlations of this type
vanish.

One of the most interesting feature of the correlations found in our work is that
they do not decrease with increase in the number of excited particles or active
orbitals. In particular, this means that they must be taken into account in calcula-
tions of matrix elements of weak interactions between compound states in nuclei.
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