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Abstract Annihilation momentum densities and vertex enhancement factors for
positron annihilation on valence and core electrons of noble-gas atoms are calcu-
lated using many-body theory for s, p and d-wave positrons of momenta up to the
positronium-formation threshold. The enhancement factors parametrize the effects
of short-range electron-positron correlations which increase the annihilation proba-
bility beyond the independent-particle approximation. For all positron partial waves
and electron subshells, the enhancement factors are found to be relatively insen-
sitive to the positron momentum. The enhancement factors for the core electron
orbitals are also almost independent of the positron angular momentum. The largest
enhancement factor (∼ 10) is found for the 5p orbital in Xe, while the values for the
core orbitals are typically ∼ 1.5.

1 Introduction

Low-energy positrons annihilate in atoms and molecules forming two γ rays whose
Doppler-broadened spectrum is characteristic of the electron velocity distribu-
tion in the states involved, and thus of the electron environment. This makes
positrons a unique probe in materials science. For example, vacancies and defects
in semiconductors and other industrially important materials can be studied [1–
6]. Positron-induced Auger-electron spectroscopy (PAES) [7–11] and time-resolved
PAES [11, 12] enable studies of surfaces with extremely high sensitivity, including
dynamics of catalysis, corrosion, and surface alloying [13]. The γ spectra are also
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sensitive to the positron momentum at the instant of annihilation. This is exploited
in Age-MOmentum Correlation (AMOC) experiments (see, e.g., [14–16]), in which
the γ spectra are measured as a function of the positron “age” (i.e., time after emis-
sion from source). AMOC enables study of positron and positronium cooling (and,
more generally, transitions between positron states, e.g., for different trapping states,
or via chemical reactions) [14–16].

Interpretation of the experiments relies heavily on theoretical input, e.g., in PAES
one requires accurate relative annihilation probabilities for core electrons of vari-
ous atoms [17]. Such quantities, however, are not easy to calculate, as the annihi-
lation process is strongly affected by short-range electron-positron and long-range
positron-atom correlations. These effects significantly enhance the annihilation rates
[18, 19] and alter the shape and magnitude of the annihilation γ spectra [20–24],
compared to independent-particle approximation (IPA) calculations.

A powerful method that allows for systematic inclusion of the correlations in
atomic systems is many-body theory (MBT). MBT enables one to calculate the so-
called enhancement factors (EF), which quantify the increase of the electron density
at the positron due to the effect of correlations. The EF can be used to correct the IPA
annihilation probabilities and γ-spectra [2, 17]. They are particularly large (∼10)
for the valence electrons, but are also significant for the core electrons [25]1. EF
were introduced in early MBT works involving positron annihilation in metals that
were based on considering positrons in a homogeneous electron gas [28, 29]. Sub-
sequently, density functional theories (DFT) were developed to describe positron
states and annihilation in a wider class of condensed-matter systems [30, 31]. These
methods usually rely on some input in the form of the correlation energy and EF for
the positron in electron gas from MBT [32]. When applied to real, inhomogeneous
systems, position-dependent EF can lead to spurious effects in the spectra [5], and
show deficiencies when benchmarked against more accurate calculations [33].

A recent study of a model system of eight electrons and one positron confined
in a harmonic potential [34] highlighted significant discrepancies between the anni-
hilation momentum densities (AMD) and EF obtained using exact diagonalization
and those found using common DFT approaches. The best agreement for the shapes
of AMD was observed for position-dependent EF [35, 36] calculated in the Kahana
formalism [36, 37], though there was a factor-of-two difference for the total annihi-
lation rate. It was also suggested in [34] (see also [38]) that the EF could be defined
rigorously using natural geminals. These quantities are electron-positron pair wave-
functions which diagonalise the two-body reduced density matrix, and which can be
extracted from the accurate many-particle wavefunction. It would be very useful if
the natural geminals could be without the knowledge of the total wavefunction, and
it is possible that this can be done using MBT.

1 Positron annihilation with core electrons is also affected by exchange-assisted tunnelling [26, 27].
This is a manifestation of electron exchange, which increases the wavefunctions of inner electrons
in the range of distances of the valence electrons. For this effect to be properly included in a
calculation, one needs to use true nonlocal exchange potentials, e.g., at the Hartree-Fock level, as
is the case in the present calculations.
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In the context of the positron-atom problem, the MBT calculations provided an
accurate and essentially complete picture of low-energy positron interaction with
noble-gas atoms [19], with excellent agreement between the theoretical results and
experimental scattering cross sections and annihilation rates. The MBT work was
extended recently [24] to the γ-spectra for (thermal) positron annihilation on noble-
gas atoms. It provided an accurate description of the measured spectra for Ar, Kr and
Xe [3] and firmly established the relative contributions of various atomic orbitals to
the spectra. The calculations also yielded “exact” ab initio EF γ̄nl for individual
electron orbitals nl, and found that they follow a simple scaling with the orbital
ionization energy [24].

In this work we provide a more detailed analysis and report EF for annihilation of
s-, p- and d-wave positrons with momenta up to the positronium formation thresh-
old. We demonstrate that the EF for a given electron orbital and positron partial wave
are insensitive to the positron momentum (in spite of the strong momentum depen-
dence of the annihilation probability [19]). Moreover, we show that whilst the EF
for the core orbitals are almost independent of the positron angular momenta, those
for the valence subshells vary between the positron s, p and d waves. In addition to
their use in correcting IPA calculations of positron annihilation with core electrons
in condensed matter, the positron-momentum dependent EF calculated here can be
used to determine accurate pick-off annihilation rates for positronium in noble gases
[39].

2 Theory of positron annihilation in many-electron atoms

2.1 Basics

Consider annihilation of a low-energy (ε ∼ 1 eV) positron with momentum k in
a many-electron system, e.g., an atom. In the dominant process, the positron an-
nihilates with an electron in state n to form two γ-ray photons of total momen-
tum P [40]. In the centre-of-mass frame, where the total momentum P is zero, the
two photons are emitted in opposite directions and have equal energies Eγ = pγ c =
mc2 + 1

2 (Ei−Ef)'mc2 ' 511keV, where Ei and Ef denote the energy of the initial
and final states of the system (excluding rest mass). When P is non-zero, however,
the two photons no longer propagate in exactly opposite directions and their energy
is Doppler shifted. For example, for the first photon Eγ1 = Eγ +mcV cosθ , where θ

is the angle between the momentum of the photon and the centre-of-mass velocity of
the electron-positron pair V = P/2m (assuming that V � c, and pγ1 = Eγ1/c≈mc).
The Doppler shift of the photon energy from the centre of the line then is

ε= Eγ1 −Eγ = mc V cosθ =
Pc
2

cosθ . (1)
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The typical momenta of electrons bound with energy εn determine the characteristic
width of the annihilation spectrum ε∼ Pc∼

√
|εn|mc2� |εn|. Hence the shift εn/2

of the line centre Eγ from mc2 = 511 keV can usually be neglected, even for the core
electrons. The γ spectrum averaged over the direction of emitted photons (or that of
the positron momentum k) takes the form (see, e.g., [20])

wn(ε) =
1
c

∫ ∫
∞

2|ε|/c
|Ank(P)|2

PdPdΩP

(2π)3 , (2)

where Ank(P) is the annihilation amplitude, whose calculation using MBT is de-
scribed below. The quantity |Ank(P)|2 is the annihilation momentum density2.

The annihilation rate λ for a positron in a gas of atoms or molecules with number
density nm is usually parametrized by

λ = πr2
0cnmZeff, (3)

where r0 = e2/mc2 is the classical radius of the electron (in CGS units) and Zeff
is the effective number of electrons per target atom or molecule that contribute to
annihilation [42, 43]. It is found as a sum over electron states Zeff = ∑n Zeff,n, where

Zeff,n =
∫

wn(ε)dε=
∫
|Ank(P)|2

d3P
(2π)3 (4)

is the partial contribution due to positron annihilation with electron in state n, and
where it is assumed that the incident positron wavefunction used in the calculation
of Ank(P) is normalized to a plane wave. In general, the parameter Zeff is different
from the number of electrons in the target atom Z. In particular, positron-atom and
electron-positron correlations can make Zeff� Z [19, 24, 44–46].

2.2 Many-body theory for the annihilation amplitude

The incident positron wavefunction is taken in the form of a partial-wave expansion3

ψk(r) =
4π

r

√
π

k ∑
`m

i`eiδ`Y ∗`m(k̂)Y`m(r̂)Pε`(r), (5)

2 Alternatively to the Doppler-shift spectrum, experiments measure the one-dimensional angular
correlation of annihilation radiation (1D-ACAR), i.e., the small angle Θ between the direction of
one photon and the plane containing the other. The corresponding distribution can be obtained from
w(ε) using Θ = 2ε/mc2. Not also that if the positron wavefunction is constant, then the annihilation
momentum density is proportional to the electron momentum density, and the γ spectrum becomes
similar to the Compton profile [22, 23, 41].
3 In this and subsequent sections we make wide use of atomic units (a.u.).
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where δ` is the scattering phaseshift [47], Y`m is the spherical harmonic, and where
the radial function with orbital angular momentum ` is normalized by its asymp-
totic behaviour Pε`(r) ' (πk)−1/2 sin(kr−π`/2+ δ`). In the simplest approxima-
tion the radial wavefunctions are calculated in the static field of the ground-state
(Hartree-Fock, HF) atom. This approximation is very inaccurate for the positron-
atom problem. It fails to describe the scattering cross sections and grossly underes-
timates the annihilation rates. Much more accurate positron wavefunctions (Dyson
orbitals) are obtained by solving the Dyson equation which includes the nonlocal,
energy-dependent positron-atom correlation potential [19, 48] (Sec. 2.2.2).

In the lowest-order approximation the annihilation amplitude is given by

Ank(P) =
∫

e−iP·r
ψk(r)ϕn(r)d3r, (6)

where ϕn(r) ≡ ϕnlm(r) = 1
r Pnl(r)Ylm(r̂) is the wavefunction of electron in subshell

nl. Equation (6) is equivalent to IPA. After integration over the directions of P in the
spectrum (2), all positron partial waves contribute to the AMD incoherently. This
means that the annihilation amplitude can be calculated independently for each `,
replacing ψk(r) in Eq. (6) by the corresponding positron partial wave orbital ψε(r).
Omitting the index `, we denote such amplitude Anε(P).

As described below, the main corrections to the zeroth-order amplitude originate
from the electron-positron Coulomb interaction which increases the probability of
finding the electron and positron at the same point in space.

2.2.1 The annihilation vertex

Figure 1 shows the amplitude Anε(P) in diagrammatic form [20, 21, 24, 49]4. The
total amplitude is depicted on left-hand side of the diagrammatic equation, with the
double line (ε) corresponding to incoming positron that annihilates an electron in
orbital n, producing two γ-rays (double-dashed line), and the circle with a cross
denoting the full annihilation vertex. The main contributions to the amplitude are
shown on the right-hand side of the equation. Diagram (a) is the zeroth-order am-
plitude [IPA, Eq. (6)], diagram (b) is the first-order correction and diagram (c) is
the nonperturbative ‘virtual-positronium’ correction. This correction contains the
shaded ‘Γ -block’ which represents the sum of an infinite series of electron-positron
ladder diagrams shown in the lower part of Fig. 1.

The ladder diagrams represented by the Γ -block are important because the
electron-positron Coulomb attraction supports bound states of the positronium (Ps)
atom. To form Ps, the energy of the incident positron needs to be greater than the
Ps-formation threshold EPs = I− 6.8 eV, where I is the ionization potential of the
atom. However, even at lower energies where the Ps can only be formed virtually,
this process gives a noticeable contribution. In practice, the Γ -block is found from

4 It is also possible to develop a diagrammatic expansion for Zeff [19, 20, 44, 45, 48] that enables
one to calculate the annihilation rate directly, rather than from Eq. (4).
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Fig. 1 Amplitude of positron annihilation with an electron in state n: (a) zeroth-order, (b) first-
order, and (c) with virtual-positronium corrections. Double lines labelled ε represent the incident
positron; single lines labelled ν (µ) represent positron (excited electron) states; lines labelled n
represent holes in the atomic ground state; wavy lines represent the electron-positron Coulomb
interaction, and double-dashed lines represent the two γ-ray photons. The Γ -block is the sum of
the electron-positron ladder diagram series. Summation over all intermediate positron, electron,
and hole states is assumed.

the linear equation Γ = V +V χΓ , shown diagrammatically in the lower part of
Fig. 1, where V is the electron-positron Coulomb interaction and χ is the propaga-
tor of the intermediate electron-positron state. Discretizing the electron and positron
continua by confining the system in a spherical cavity reduces this to a linear matrix
equation, which is easily solved numerically (see [19, 21, 48, 50] for further details).

The total amplitude takes the form

Anε(P) =
∫

e−iP·r {ψε(r)ϕn(r) + ∆̃ε(r;r1,r2)ψε(r1)ϕn(r2)d3r1d3r2
}

d3r. (7)

Here, the first term, corresponding to the diagram Fig. 1 (a), is simply the Fourier
transform of the product of electron and positron wavefunctions, taken at the same
point. The second term, involving the non-local annihilation kernel ∆̃ε (of non-trivial
form), describes the vertex corrections. Note that Anε(P) is the Fourier transform of
the correlated pair wavefunction (the term in the braces5). Refs. [49, 50] present the
partial-wave analysis and corresponding working analytic expressions for the matrix
elements involving the vertex corrections.

2.2.2 Dyson equation for the positron wavefunction

As mentioned above, accurate annihilation rates and γ-spectra can be obtained only
by taking into account the positron-atom correlation potential. This potential is de-

5 The term in braces can also be compared with the expression for the natural geminal correspond-
ing to the positron state ε and electron orbital n, αεn(r,r) =

√
γεn(r)ψε (r)ϕn(r) (cf. Eq. (9) in

Ref. [34]), which can be used to determine the position dependent EF γεn(r), see Sec. 4.
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Fig. 2 Main contributions to the positron self-energy matrix 〈ε ′|Σ̂E |ε〉. The lowest, second-order
diagram (a) describes the effect of polarization; diagram (b) accounts for virtual Ps formation rep-
resented by the Γ -block. Diagrams (c)–(g) represent leading third-order corrections not included
in (b). Top lines in the diagrams describe the positron. Other lines with the arrows to the right are
excited electron states, and to the left, holes, i.e., electron states occupied in the target ground state.
Wavy lines represent Coulomb interactions. Summation over all intermediate states is assumed.

cribed by another class of diagrams that “dress” the positron wavefunction. The
corresponding positron quasiparticle wavefunction (or Dyson orbital, double line
in Fig. 1) is calculated from the Dyson equation (see, e.g., [51–53])(

Ĥ0 + Σ̂ε

)
ψε(r) = εψε(r). (8)

Here Ĥ0 is the Hamiltonian of the positron in the static field of the N-electron atom
in the ground state (described at the HF level). The nonlocal, energy-dependent
correlation potential Σ̂ε is equal to the self-energy of the positron Green’s function
[54], and acts as an integral operator Σ̂ε ψε(r) =

∫
Σε(r,r′)ψε(r′)d3r′.

The main contributions to Σ̂ε are shown in Fig. 2. At large positron-atom dis-
tances the correlation potential reduces to the local polarization potential Σε(r,r′)'
−αdδ (r− r′)/2r4, where αd is the dipole polarizability of the atom. If only diagram
Fig. 2 (a) is included, the polarizability is given by the HF approximation

αd =
2
3 ∑

n,µ

|〈µ|r|n〉|2
εµ − εn

. (9)

Diagrams Fig. 2 (c), (d), (e) and (f) are third-order corrections to the polarization di-
agram (a) of the type described by the random-phase approximation with exchange
[55]. Including these gives asymptotic behaviour of Σε(r,r′) with a more accurate
value of αd . The digram Fig. 2 (b) describes the virtual Ps-formation contribution.
Adding it to diagram Fig. 2 (a) nearly doubles the strength of the correlation poten-
tial in heavier noble-gas atoms (Ar, Kr and Xe). The diagram Fig. 2 (g) describes
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the positron-hole repulsion. Including the diagrams of Fig. 2 in the positron-atom
correlation potential provides accurate scattering phaseshifts and cross sections for
all noble-gas atoms [19].

The positron self-energy diagrams and the annihilation amplitude contain sums
over the intermediate excited electron and positron states. In practice we calculate
them numerically using sets of electron and positron basis states constructed using
40 B-splines of order 6, in a spherical box of radius 30 a.u. We use an expoten-
tial knot sequence for the B-splines, which provides for an efficient spanning of the
electron and positron continua in the sums over intermediate states [48]. The max-
imum angular momentum of the intermediate states is lmax=15, and we extrapolate
to lmax→ ∞ as in [19, 21, 48, 50].

3 Annihilation momentum densities for valence and core
electron orbitals in noble gases

Figures 3 and 4 show the AMD |Anε(P)|2 [spherically averaged, as in Eq. (2)] for
thermal (k = 0.04 a.u.) s-wave positrons annihilating on individual core and valence
subshells of the noble gas atoms, calculated using different approximations for the
annihilation amplitude and positron wavefunction. The range of two-γ momenta
P = 0–6 a.u. corresponds to the maximum Doppler energy shift ε≈ 11 keV.

The simplest approximation shown uses the zeroth-order (IPA) annihilation am-
plitude (6) with positron wavefunctions in the static field of the HF atom. Better
approximations involve using the full annihilation vertex of Fig. 1 [Eq. (7)], or the
best (Dyson) positron wavefunction, or both. In general, including correlations of
either types increases the AMD and the annihilation probability.

General trends are observed throughout the noble-gas sequence. The AMD are
broader for the core orbitals for which the typical electron momenta are greater,
leading to greater Doppler shifts. The core AMD (and the core annihilation prob-
abilities [24, 50]) also have noticeably smaller magnitudes compared with those
of the valence electrons. For all electron orbitals whose radial wavefunctions have
nodes (e.g., 2s in Ne, 2s, 3s and 3p in Ar, etc.) the AMD display deep minima re-
lated to the nodes of the annihilation amplitude Anε(P). Their number and positions
are related to the number and positions of the nodes in the orbital’s radial wave-
function (i.e., the radial nodes that occur closer to the nucleus result in the nodes of
Anε(P) at higher momenta). This behaviour is easy to understand from the zeroth-
order amplitude (6), which is the Fourier transform of the product of the electron and
positron wavefunctions. For low positron energies, its wavefunction inside the atom
decreases monotonically towards the nucleus (suppressed by the repulsive electro-
static potential at smaller distances), and has no nodes. Hence, the nodal structure of
the annihilation amplitude is determined by the behaviour of the electron wavefunc-
tion. Inclusion of the correlation corrections to the annnihilation vertex, as described
by Eq. (7), leads only to a small shift in the positions of the nodes.
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Fig. 3 Annihilation momentum density as a function of the total 2γ momentum P, for s-wave
positron annihilation in He, Ne and Ar, calculated in different approximations for the annihilation
vertex: zeroth-order vertex (dashed lines); full vertex (0+ 1+Γ ) (solid lines), for HF (thin blue
lines) and Dyson (thick red lines) positron of momentum k = 0.04 a.u. (For a given approximation
for the vertex, the lines for the calculation with Dyson positron lie above those for HF positron).
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For a given approximation for the annihilation vertex, the AMD calculated using
the positron Dyson orbitals (red curves) are larger than those calculated using the
HF positron wavefunction (blue curves). The corresponding increase is nearly the
same for the valence and core orbitals in a given atom. It ranges from a factor of
∼ 2 in Helium to ∼ 100 in Xe, and is only weakly dependent on P. (Note that the
AMD are plotted on the logarithmic scale.) This increase is due to the action of the
attractive correlation potential Σ̂ε on the positron (Dyson) wavefunction. It leads to
a build-up of the positron density in the vicinity of the atom and greater overlap with
the atomic electron density. This effect is stronger for the heavier, more polarizable
atoms, leading to much greater Zeff values. In Ar, Kr and Xe the attractive positron-
atom potential supports low-lying virtual s levels, leading to a characteristic resonant
growth of the annihilation rates at low positron energies [19, 44, 45, 56].

When the vertex corrections are included in the annihilation amplitude (solid
curves), the AMD is enhanced above the zeroth-order (IPA) result (dashed curves).
This is due to the Coulomb attraction within the annihilating pair, which increases
the probability of finding the electron and positron at the same point in space. The
size of the enhancement is similar for the HF and Dyson positron wavefunctions. At
the same time, the enhancement is much greater for the valence electrons than for the
core electrons, as the former are more easily perturbed by the positron’s Coulomb
field. For the core electrons, the vertex correction is dominated by the first-order
diagram Fig. 1 (b) (similar to the case of hydrogen-like ions [21]). For the valence
electrons, the nonperturbative Γ -block contribution Fig. 1 (c) is also very important.

From Figs. 3 and 4 one can also see that the vertex enhancement is significantly
stronger at low momenta P of the electron-positron pair (which leads to narrowing of
the γ-ray spectra in comparison with those obtained with the zeroth-order amplitude
[20, 24]). This can be seen most clearly in the AMD of the valence electrons. Their
high-P content is due to positron annihilation with the electron when the latter is
closer to the nucleus, and where its local velocity is higher, making it less susceptible
to the positron’s attraction. (Note that for large P the calculated Γ -block vertex
corrections contain numerical errors which manifest themselves as extra oscillations
visible in AMD for valence electrons. This, however, has a negligible effect on the
annihilation spectra, since the AMD for the valence electrons at such momenta are
very small.) The vertex enhancement is considered in more detail below.

We conclude this section by noting that calculations of the corresponding γ spec-
tra were reported in [24, 50]. They showed excellent agreement with the measured
spectra for Ar, Kr and Xe [3], and firmly established the fraction of core annihilation
for these atoms.

4 Vertex enhancement factors

The enhancement of the AMD and annihilation rates due to the correlation cor-
rections to the vertex with respect to those obtained using the zeroth-order (IPA)
approximation [cf. Eqs. (7) and (6)] can be parameterized through so-called vertex
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Fig. 4 Annihilation momentum densities as a function of the total 2γ momentum P, for s-wave
positron annihilation in Kr and Xe. Various lines as described in Fig. 3.
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enhancement factors. The MBT enables a direct ab initio calculation of ‘exact’ EF:
one simply compares the results obtained using the annihilation amplitude calcu-
lated in different approximations, as described here.

The EF were introduced originally to correct the IPA annihilation rates for
positrons in condensed matter (see, e.g., [31] and references therein),

λ = πr2
0c
∫

n−(r)n+(r)γ(r)d3r, (10)

where n−(r) and n+(r) are the electron and positron densities, respectively, and
γ(r) is the EF. The latter is typically computed for a uniform electron gas (e.g.,
using MBT [32, 57]) and parameterized in terms of the electron density, e.g., as
γ = 1+ 1.23rs− 0.0742r2

s +
1
6 r3

s , where rs = (3/4πn−)1/3 [58] (see also [30, 59]).
An approximation commonly used to account for the vertex enhancement of the IPA
annihilation amplitude (6) is [5, 60]

Anε(P) =
∫

e−iP·r
ψε(r)ψn(r)

√
γ(r)d3r. (11)

However, this method is known to give spurious effects in the high-momentum re-
gions of the γ spectra [5].

The general MBT expression for the annihilation amplitude in a finite rather than
infinite and homogeneous system, Eq. (7), shows that the correlation contribution
to the vertex is nonlocal, i.e., it involves the positron and electron wavefunctions
ψε(r1) and ψn(r2) at different points in space. The corresponding enhancement
is described by the three-point function ∆̃ε(r;r1,r2). This allows one to formally
define the EF for the electron in orbital n and positron of energy ε by

√
γnε(r)≡ 1+

∫∫
∆̃ε(r;r1r2)ψε(r1)ϕn(r2)d3r1d3r2

ψε(r)ϕn(r)
. (12)

However, the presence of nodes in the wavefunctions in the denominator renders
this quantity of limited use and we must opt for a more pragmatic approach.

It is clear from Figs. 3 and 4 that the vertex enhancement of the AMD |Anε(P)|2,
i.e., full-vertex results compared with zeroth-order, has a weak dependence on the
momentum P (except near the nodes of the amplitude). This momentum dependence
of the vertex enhancement has little effect on the annihilation γ spectra for the noble-
gas atoms, especially for the core orbitals [50]. It is thus instructive to define a two-γ
momentum-averaged vertex EF as the ratio of the full-vertex partial annihilation rate
to that calculated using the zeroth-order (IPA) vertex:

γ̄nl(k) =
Z(0+1+Γ )

eff,nl (k)

Z(0)
eff,nl(k)

, (13)

where the superscript denotes the vertex order (see Fig. 1) and nl labels the subshell
of the electron that the positron of momentum k annihilates with. Analogous EF are
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commonly used to analyse and predict the annihilation rates and γ spectra in solids
(see, e.g., [5, 61–66]). The true spectrum for annihilation on a given subshell for a
given positron momentum can then be approximated by

wnl(ε)≈ γ̄nlw
(0)
nl (ε) (14)

where w(0)
nl is the γ spectrum calculated using the zeroth-order vertex. Accurate re-

construction of the true spectra for s-wave thermal positrons using Eqn. (14) has
been demonstrated for noble-gas atoms in [50].

In a recent paper [24] we showed that for thermal s-wave positrons (k = 0.04 a.u.)
γ̄nl follows a near-universal scaling with the orbital ionization energy Inl ,

γ̄nl = 1+
√

A/Inl +(B/Inl)
β , (15)

where A, B and β are constants 6. The second term on the RHS of Eqn. (15) describes
the effect of the first-order correction, Fig. 1 (b). Its scaling with Inl was motivated
by the 1/Z scaling for positron annihilation in hydrogen-like ions [21]. The third
term is phenomenological and describes the effect of the Γ -block correction that is
particularly important for the valence subshells.

Here we extend the calculations of the enhancement factors to s-, p- and d-wave
positrons with momenta up to the positronium-formation threshold. At small, e.g.,
room-temperature, thermal positron momenta k∼ 0.04 a.u., the contributions of the
positron p and d waves to the annihilation rates are very small, owing to Zeff(k)∝ k2`

low-energy behaviour. (This is a manifestation of the suppression of the positron
wavefunction in the vicinity of the atom by the centrifugal potential `(`+ 1)/2r2.)
However, for higher momenta close to the Ps-formation threshold, the s-, p- and d-
wave contributions to the annihilation rates become of comparable magnitude (see
Fig. 16 and Tables III–VII in Ref. [19]).

Figures 5–9 show the enhancement factors for positron annihilation with elec-
trons in the valence (np and ns) and core [(n−1)s, (n−1)p, (n−1)d, as applicable]
orbitals of He, Ne, Ar, Kr, and Xe, as functions of the positron momentum.

The EF for positron annihilation with 1s electrons in He (Fig. 5) are 2.6–3.0 for
the s-wave, 3.8–4.1 for the p-wave, and 5.2–5.9 for the d-wave. They show only
a weak dependence on the positron momentum, which is a typical feature of all
the data. There is also little difference between the EF obtained with the static-
field (HF) positron wavefunctions (dashed lines) and those found using the positron
Dyson orbitals (solid lines). This is in spite of the fact that the use of the correlated
Dyson positron wavefunctions increases the AMD (and the annihilation rates [19])
by almost an order of magnitude for s-wave positrons (Fig. 3).

The weak dependence of the EF on the positron energy and the type of positron
wavefunction used is related to the nature of the vertex enhancement. The interme-
diate electron and positron states in diagrams Fig. 1 (b) and (c) that describe the

6 For HF positron wavefunctions the values of the parameters are A = 1.54 a.u. = 42.0 eV, B =
0.92 a.u.= 24.9 eV, and β = 2.54. For Dyson positron wavefunctions the values are A= 1.31 a.u.=
35.7 eV, B = 0.83 a.u. = 22.7 eV, and β = 2.15 [24].
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Fig. 5 Enhancement factors for s-, p- and d-wave positrons annihilating on the 1s electrons in He,
obtained with HF (dashed lines) and Dyson (solid lines) positron wavefunctions.

short-range vertex enhancement (ν , µ , ν1, µ1, etc.) are highly virtual, i.e., have rel-
atively large energies. For example, the energy denominator of diagram Fig. 1 (b)
is ε− εν − εµ + εn (see Refs. [20, 50]). Estimating the typical electron and positron
energies as εν ,µ ∼ |εn| (the ionization energy of electron orbital n), we see that for
few-electronvolt positrons, the positron energy ε can be neglected. For the same
reason, the vertex correction function ∆̃ε(r;r1,r2) is only weakly nonlocal, i.e., it is
large only for |r1−r2| � |r1,2| ∼ |r| (see the “annihilation maps” in Figs. 4.14–4.16
of Ref. [67]). The situation becomes different at large momenta close to the Ps for-
mation threshold. Here the p- and d-wave EF show an upturn related to the virtual
Ps formation becoming “more real” [68]. This is also seen in γ̄np for heavier atoms.

The increase of the EF with the positron orbital angular momentum ` seen in
Fig. 5 can be related to the behaviour of the low-energy positron wavefunctions
near the atom. Due to the action of the centrifugal potential, the p- and d-wave
radial wavefunctions are suppressed as (kr)` with `= 1 and 2, compared with the s
wave. The nonlocal correlation corrections Fig. 1 (b) and (c) “help” the positron to
pull the atomic electron towards larger distances, which has a greater advantage for
the higher partial waves.

It is interesting to compare the values of γ̄1s for He with the EF for positron
annihilation with atomic hydrogen: 6–7, 10–12, and 15–17, for the s-, p-, and d-
wave positrons, respectively, with k≤ 0.4 a.u. (see Fig. 13 in Ref. [48]). The greater
values of the EF for hydrogen are related to the smaller binding energy of the 1s
electron in hydrogen (13.6 eV) compared with that in He (24.6 eV). The vertex
corrections are generally greater for the more weakly bound electrons that have more
diffuse orbitals and are more easily perturbed by the positron’s Coulomb interaction.
The same trend will be seen throughout the noble-gas-atom sequence, with more
strongly bound electron orbitals, in particular those in the core, displaying smaller
EF [cf. Eq. (15)].
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Fig. 6 Enhancement factors for s-, p- and d-wave positrons annihilating on the 1s, 2s and 2p
subshells in Ne, obtained with HF (dashed lines) and Dyson (solid lines) positron wavefunctions.

Turning to Ne (Fig. 6), we observe that the EF for the outer valence 2p subshell
are slightly smaller than those for 1s in He, in spite of the binding energy of the 2p
electrons (21.6 eV) being lower than that of He 1s. Ne also has the broadest γ ray
spectrum of all the noble gases (see AMD in Fig. 3, and the data for the calculated
and measured spectra [50, 69]). The latter indicates that the 2p electrons in Ne have
large typical momenta, which makes the correlation correction to the annihilation
vertex relatively small. The EF for the inner valence 2s subshell is around 2, while
for the deeply bound 1s electrons, γ̄1s ≈ 1.2. We also note that for the core orbitals,
the values of the EF for the positron s, p and d waves are quite close. This is in fact
a general trend observed for all atoms that the relative difference between the values
of γ̄nl−1 for the positron s, p and d waves is becoming small with the increase in the
binding energy. The smaller effect of the orbital angular momentum of the positron
on the EF for core orbitals is due to the vertex correction becoming “more local”,
and hence, less sensitive to the variation of the positron radial wavefunction.

The EF in Ar, Kr and Xe (Figs. 7, 8 and 9) become progressively larger, for
both the valence and core electrons. For example, the vertex EF for s-wave positron
annihilation with the outer valence np electrons increases from γ̄3p = 5.2 (Ar), to
γ̄4p = 6.6 (Kr), to γ̄5p = 9.2 (Xe) (for the HF positron wavefunction at low momenta
k . 0.1 a.u.). The EF for the (n−1)l core orbitals also increase to γ̄(n−1)l ∼ 1.5–2,
with the values for the 3d and 4d orbitals being noticeably larger than those of the
3s/3p and 4s/4p orbitals, for Kr and Xe, respectively.

Another feature of the data is the growing difference between the EF for the
np electrons obtained with the Dyson positron wavefunction (solid lines) and those
found using the static-field (HF) positron wavefunction (dashed lines). This effect
is related to the increase in the strength of the positron-atom correlation potential
Σ̂ε for the heavier noble-gas atoms [19, 44, 45]. For s-wave positrons it results in
the creation of positron-atom virtual levels [47] whose energies ε = κ2/2 become
lower for heavier atoms, with values of κ = −0.23, −0.10 and −0.012 a.u. for Ar,
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Fig. 7 Enhancement factors for s-, p- and d-wave positrons annihilating on the 2s, 2p, 3s and 3p
subshells in Ar, obtained with HF (dashed lines) and Dyson (solid lines) positron wavefunctions.
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Fig. 8 Enhancement factors for s-, p- and d-wave positrons annihilating on the 3s, 3p, 3d, 4s and 4p
subshells in Kr, obtained with HF (dashed lines) and Dyson (solid lines) positron wavefunctions.

Kr and Xe, respectively [19]. This is accompanied by a rapid growth of the positron
wavefunction near the atom, with the Dyson orbitals being enhanced by a factor
∼ 1/|κ| compared to the static-field positron wavefunctions at low energies. Hence,
the inclusion of the correlation potential makes the radial dependence of the positron
wavefunction more vigorous. This is evidenced by some broadening of the γ spectra
obtained with the Dyson rather than the HF positron wavefunction [50]. This also
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results in a reduction of the EF, which is most noticeable for the valence electrons,
and is largest in Xe, which has the strongest correlation potential for the positron.
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Fig. 9 Enhancement factors for s-, p- and d-wave positrons annihilating on the 4s, 4p, 4d, 5s and 5p
subshells in Xe, obtained with HF (dashed lines) and Dyson (solid lines) positron wavefunctions.

Besides the rise in the valence EF for high positron momenta (related to the prox-
imity of the Ps-formation threshold), one other exception from the weak momentum-
dependence of the EF is seen at low momenta for d-wave positron annihilating on
the 3d and 4d orbitals in Kr and Xe. The enhancement factors in this case are ap-
proximately constant from the Ps-formation threshold down to ∼ 0.3 a.u., but then
deviate at lower momenta, especially in Xe. Both the zeroth-order and full-vertex
Zeff values for these orbitals are calculated to be smooth functions of k. However,
they obey the ∼ k4 behaviour and become very small at low k (e.g., for Xe, using
the Dyson wavefunction we find Zeff,4d ∼ 10−3 at k∼ 0.3 a.u., decreasing to∼ 10−7

for k ∼ 0.03 a.u. It appears that for such small k numerical inaccuracies arise in the
calculation of the Γ -block contribution, leading to errors when evaluating the ratio
in Eq. (13).
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5 Conclusions

We used many-body theory methods to calculate the annihilation momentum densi-
ties and vertex enhancement factors for s-, p- and d-wave positrons annihilating on
valence and core electrons in noble-gas atoms. The general trends of the EF is their
weak dependence on the positron momentum and decrease with the increasing elec-
tron binding energy. We find that the type of the positron wavefunction used, i.e.,
Dyson orbital which accounts for the positron-atom correlation attraction vs repul-
sive static-field (HF) wavefunction, has relatively little effect on the EF, except for
the valence orbitals in most polarisable targets. We also find a relatively weak de-
pendence of the EF for the core and inner-valence electrons on the positron’s orbital
angular momentum.

The weak momentum-dependence of the EF obtained in positron-atom calcula-
tions suggests that they can be used to improve the calculations of positron anni-
hilation in more complex environments. One such system is positronium colliding
with noble-gas atoms, where calculations of Ps-atom pick-off annihilation rates that
neglect the short-range vertex enhancement strongly underestimate the measured
rates [70]. Another context where similar EF can be used is positron annihilation in
molecules. Here there is a sharp contrast between the large amount of experimen-
tal information, including γ-spectra, for a wide range of molecule [69] and paucity
of credible theoretical data [23, 71]. The positron-molecule problem is particularly
interesting because the Zeff values for most polyatomic molecules show orders-of-
magnitude increases due to resonant positron annihilation [71]. In such molecules
the positron annihilates from a temporarily formed weakly-bound state. Attempts to
calculate such states using standard quantum-chemistry methods have been numer-
ous but not very successful [71] (i.e., there is only a small number of systems where
theory and experiment can be compared, and the agreement is mostly qualitative
[72]).

The calculations presented in this paper could be extended to other atoms, includ-
ing those with open shells. Partial filling of electron shells can be taken into account
in the many-body-theory sums using fractional occupation numbers (cf. Ref. [73]),
and the positron wavefunction is insensitive to such details of the electronic structure
at the static (HF) level. (At the level of Dyson orbitals, one will need to calculate the
positron self-energy using fractional electron-shell occupancies.) Calculations are
particularly straightforward for annihilation with core electrons, as their enhance-
ment factor is described well by the first-order correction to the annihilation vertex.
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