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SOR201 Solutionsto Examples 6
1. (i) Thec.d.f. oftherv. X is F(z) =P(X <1z), —oo<uz<o0.
(@) Theevent (—oo < X < z) C theevent (—oo < X < y)whenz < y.
So P(—oo<X<m)<P(oo<X Y), <y
ie. F(z) < F(y) when z < y.
()  F(—00) =P(X < —00) =0,
F(4+00) =P(X < 40) = 1.
(c) (—oo< X <b)=(—0o<X<a)U(a< X <))

— the union of 2 m.e. events.
S0 P(—oo< X <b)=P(—o0o< X <a)+Pla<X <bh)
e Pla< X <b)=P(—oo< X <b)—P(—00 < X <a)
= F(b) — F(a).

(i) (a)

Discontinuity at = = 0.

07 z <0
F(:c):{p, x=0
p+k(l—e?)=p+(1-p)(1l—e?), x>0

[k determined as (1 — p) by requiring that F'(z) — 1 asz — oc].
(iif) f(x) is symmetrical about the point «, i.e.

fla—y)=fla+y), y=0. ()
Then
a 0
/ f(z)de = / fla+y)dy [setting x = a — y]
= [ fta=way
and

/OO flz)dz = / —y)(=1)dy [setting x = a + |
= / fla—y [using ()]

So / dx—/ f(z
But /_OO :cdx—l—/a f(z) xz/_if(:c)d:czl.

So . -
| t@ae = [ raan =

i.e. the median of X is a.
/continued overleaf
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Also
E(X) = /00 xf(x)dx
= /a :Ef(:p)d:er/ooxf(x)dx
- [set ya: a — x in first integral, y = « — a in second]
= [ @-ne-nndy+ [ @ gsa oy
o 0?0
= [ @—nfe=way+ [ @rnsa=yay  sing (o)
- | 20sa—way
use [i° fla—y)dy = [, f(z)da = 3]
= Qaé =a.
(i) Thec.d.f. is
O P
S
0 i )—dF(x) {fCeXp( 32%), x>0
= de 10, z <0
Then
e = [ e
= /OO z2e 2% dx [sett = 12°, dt = xdz = V2tdz]
= /0 2te” \/—7dt
-
ity - vad F<%> LR = VAR
E(X?) = / [sett = 127
= / 2 *t—dt
= 2 te_tdt = 2F(2) 2.

So VarX = E(XQ) —E(X)?=2-7/2.
The median m of a continuous distribution is such that F'(m) = 2, so here

1 —exp(—3m?) =1
i.e. exp(—3m?) = L1 or exp(zm?) =2,
S0 sm? = log,2
ie m = {2log, 2}?

/continued overleaf



page 3 110SOR201(2002)

d 1,.2 1.2 ~
Also {l(x) —e 2% — g2 2% = () when z = +1.Somode z = 1.
X
F@
1/vel |
|
|
|
l
| ~
0 . t —

(ii)
_ [k /At )Pt >0 pg>0
Jx(w) = {0, otherwise.

The transformation y =1/(1+4+x), « >0 isone-to-one and differentiable:

dy 1
de — (1+2)2 v

The inverse transformation is

1-— 1-—
) Y>0 or 0<y<1.
Y Y
So
1—vy)\ |dz
frly) = [fx <—> -
v 1oy
1—y\" 1
Y Y .
0, otherwise
. Ry (1 —gpl, 0<y<1
L. = )
I Jr() {0, otherwise

ie. Y ~ Dbeta(q,p).

(iii)
1, 0<z«l1
fx(z) = {0, otherwise.

The transformation y = log, {1/(1 —x)}, 0 < z < 1 is one-to-one and
differentiable. The inverse transformation is

x = 1—e?, 0<1—e¥<1] ie 0<<e?<], e 0<y<oo
dx _
and — = e Y.
dy
So p
x
— 1_ -y -
fr(v) fx(1—e >dy

. e Y, 0<y< oo
10, otherwise

— the negative exponential distribution with A = 1. /continued overleaf
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(iv) The transformation
differentiable, and

) = Ix{F W} =
i.e. Y ~uniform|0, 1].

() @ fxlo)=2vexp(—2%), 0<z< oo

The transformation y = 22, 0 < x < oo isone-to-one and differentiable.

: . d
Itsinverseis =z =+,/y and d_y =2r =2y, 0<y<oo.
X
So p
xr
fry) = Fx(Vy) ay
1
= 2/ye YV |——=|=¢e¢Y 0<y<oo
(b)
11+ x) -1<z<1
— 2 9 ~ ~
Jx(@) {0, otherwise.
The transformation y = 22  is not one-to-one when —1 < x < 1. Then
EITHER
Fy(y) = <y)=P(X? y) P(=vy < X < +V)
VY
— / fx(o dx—/ W+ a)ds,  —1<—j< i<
Y
<y<
(1o + 122]Y" Y=V 0<y<l
So
1 0<y<1
Fr(y) = { 2y US
0, otherwise.
OR

Divide the interval (—1,1) into sub-intervals such that the transformation
y = 2 is one-to-one in each sub-interval. Thus

—1<xz<0: y:a:2:>x:—\/§, Z—y:2x:—2\/§:
—_— T
_ _ dx 1
fY(y):fX(_\/@ d_y :%(1_\/5)‘%’ 1< —yy<0, ile.0</y<1
d
0Sa<l: y=a? o=+ -2 =2u=2/F
I — T
K y) = fx(+vy) g =11+ ) 1 0<y<1
Y X dy 2 -2\/§7 A X -

/continued overleaf
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Then
rly) = K+
— 0<y«<l1
0, otherwise.
1 —lgrgs
— 27 2 )
Ix() {O, otherwise.
The transformation y = ? is not one-to-one when —1 < z < 3. So
EITHER s
)
P(Y < 9) =PX? <) =PI < X <+i) = [ fxlalda
VY
Now
VY \/271 ) )
/ffx@)dﬁ = /fﬁdx provided —5 < VU< VY
—VY —VY
le. 0<y <
= [V = V. 0<y<3
while
\/Zj \/Zjl H 3 1 1
/ffx(x)dx = /1 sdz  provided 5 <=\ —5< 3
y 1
e T<y<?
- B -3vi+h d<v<)
so that .
0<y<3
F — \/g’ NI N 4
=Yy 155
Hence 1
2\/y
fr(y) = 1 . 0
- 1 <2
4\/@’ 4 <y 4
OR
l<z<0: y=a?=a= W 9r = 25
—5 ST < y=x"=1r=—/Y, dr r==2\/y
_ _ dx 1 1
fY(y)_fX(_\/g) Y| T 55 ~ —%é—\/gé() or 0<y
dy 2 2./y
3 2 dy :
0<z<y: y=z=z2=+/y, d——2x:2\/§.
X
dx 1 1
;r(?/):f;(r(Jf\/@d—:ﬁﬁ, <Vy<3or0<y<
Then . -
frly) = KW+ fyW)
1
- 0< gl
I N T
— y 1
- 1 < 92
4\/g’ 4 <y\ 4
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/continued overleaf
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- 1 1.2
i z) = ——e 2% —o0 < 2z < 00.
We note that the transformation v o= 22 iSs not one-to-one when
—0o<z<oo; 0<v<oo. Then
EITHER
Fy(v) = P(V<v)=P(Z*<v)
= P(—V < Z <+V0) = Fo(+0) = F4(—)
>0 dFy(v) d
v\U
) = g = gy (/D) = Falovm)
= fz(\/@-m — f2(—=V/") (—m)
1 { 1 oo g
B 2\/11_1 V2 V2
= T U_%e_%v
22
ﬁ 1, 1
= — vZ e 27, 0<v <o
2:T(3)
which is the p.d.f. of the x?(1) distribution,
ie. Vo~ x2(1).
OR
Consider the one-to-one transformations for —co < 2 <0 and 0 < 2 < 0 .
d
—00<2<0: v=22=2=—/, d—U:22:—2\/5:
4
_ _ dz 1 _1, 1
s fv () = f7 (=) v :\/—2—7T€ ’ SNk 0<v<oo.
2 dv )
0<z<00: v=2"=2z=—+/v, %:2/2:2\/5.
dz 1 _1, 1
e f;(v):f;(+ﬁ)% :\/%6 2 2\/57 O<U<OO
2 101
So = fr “(v) = ——e 32 above result.
fV(U) fV(U)+fV(U) \/%e 2 2\/1—) -

(iii) 1, 0<z<1
Jx(z) = 0,  otherwise.
The transformation y = x® isone-to-onewhen 0 <z <1, and

QY o aiye
dr ar -y :
So
1
dx . < l/a <
frly) = fx@'?) du |~ ! ay(la)/a‘ Osvrmsd
Y 0, otherwise
Lywet 0<y<1 a0
— «
B 1
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For a>0:
0, y <0
1, > 1
Fy(y) = v 1 Y
—te)=lgr —yle 0<y <1
0 (8}
For a<0:

0, y<l1
y

Fy(y) = {/ (_l)t(l/a)—ldt — yl/a’ y > 1.
1

(0%

A A A
fr(y) a=—1 fr(y) a=1 Iy (y) a=2
1k 21
\ |
| |
| |
| |
| |
| |
| | 2p
0 ! 0 ! 0 !
0 1 v 0 1 y 0 1 J
fv(y):yiz,lﬁy<oo fr(y) =2y, 0<y<1 frly)=3y712,0<y<1
(i) Normal distribution N(p,o?)
(a)
fx(x)dx = expq —3 dx [set z = &=£
—0o0 —00 27TU o g
/OO 1 _1 2
= e 2% dz
0 \ 2
1 1o >~ 1 1o
— —6722 dZ+ —6722 dZ
/—'é)o V 27T 0 V 27T
1 15
= e 2Y (—dy) + ditto setting z = —
/| 7w seting = =
o0 1
= 2 e 2Y°d set ¢ = 1¢2 y = V21,
/0 Nors y Yy
dt = ydy = V2tdy |
2 /OO g
—= B — (& —
\/1271' 0 \/2_t .
1
= — 27 e tdt = —T(3) =1 using T'(1) =
= [ ereta - or) using T(3) = v/

/continued overleaf
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(b) The transformation w = a + bx is one-to-one and differentiable;

Then

fw(w)

N

1

2ro

1

i.e. W ~ N(a+

————eX
V2malb|

dw

&=
w—a d_:z:
b dw
exp{—%

p{-

bu, b*0?),

Tr =

N [

(if) Negative exponential distribution ()

(@)

E(X)

So
(b)

P(X >s+tX > s)

(iif) Gamma distribution (c, \)

(@)
b,
J

E(X)

1 1 1
“T(2) =<1l ==,
A 2) A A
1 1 2
2 1 1
X2
_ PX >s+1)
B PEX > s)
e~ s+t)
- 6—)\5
= e M=P(X >1t).

A exp(—Az)

T I'a) dx
t tafleft
- dt
A) T(a)

1 > a+1)—1_-—t
= )\T(a)/o tleth=le~tqy
 I(a+1)
= M@~
Similarly E(X?) = F)E;IFJ(Fai) _ la ;1)@
(o + 1)

So Var(X) =

)%

)\2

w—a_,u 2 1

(5 )}H"m<b
2

w—a — pub

_— , —oo<w< o0

and SD(W) = vb%02 = |b|o.

w—a

w—a

< 00

[sett = Az, dt = A\dz]

0
< /¢ 1 1 [
/ <—) et =dt = —/ > etdt
0 )‘ )‘ 0

when ¢ >0

[since P(X >y)=1—-P(X <y)
=1—-{l—-eM} =M

[sett = Az, dt = \dx]

[since I'(a+1) = al'(a)].

/continued overleaf
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(b) V ~ x2(r) = Gamma (o = £, A = 1).
S0 fulr) = SRED o
231(5)
E(V)=2=r Var(V)= igzm
(iv) Beta distributi20n (a,b) 2
@ L
= x. 2771 —2) ldx
E(X) = /01 B (1-z)"ld
= 2%(1 — z)* e
N Béa,b)/o (1 )7 d
_ Bla+1,b) T(a+1)'®) I'(a+b) a
B(a,b)  T(a+b+1) T(a)T(b) a+b
Similarly
) B(a+2,b)
E(X%) B(a,b)
~ T(a+2)r'®) I'(a+b) (a+1)a
D(a+b+2) T(a)l(®b) (a+b+1)(a+b)
So

B (a+1)a a \°
VarlX) = b Db <a+b)
(a+1)a(a+b) —a*(a+b+1)
(a—i{;b)Q(a—l—b—i-l)

(a+Db)*(a+b+1)
(b) The transformation y =1 — x is one-to-one and differentiable;

dy
—1— A
x Y; dx
Then
fry) = fx(I=-y|-1, 0<y<1
- (1—yry, 0<y<]
B(a, b) ) ~X N
i.e. Y ~ beta (b, a).

(c) Transforming 0 < z <1 to A < w < B involves a location change
0 — A and a scalechange of 1 — 0 — B — A, i.e. a linear transformation

w=A+ (B—-A)z.

This is a one-to-one differentiable transformation;
dw

v=(w-A)/(B-4);
So
w—A) |dx
fwlw) = h{B-A}E@
B 1 w— A\ 1_w—A b1 1 Acw<
= Blab) \B_A4 B-A) B_a “SYS
_ a—1 _ b—1
1 (w—A)*HB—w) A<w<B.

B(a,b)  (B— A1
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(v) Weibull distribution (b, ¢)
@ Fla)=1-exp{- (
o -l (5], e

E(X) = /wacxbccl exp{_ (%)} do [sett = (2 dt — =y — b1l

= / bt'/cetdt = bI' (1 +1/c).
0

R
\_/
o
H,_/
&
o

(b) Survival function F(z) = 1 — F(z) = exp {— (5)} . >0,
Hazard function .
H(z) = —log. (1 — F(x)) = —log, [exp {— (%) }
fle) _ et
F(z) b’
Forc <1, r(x)isadecreasing frunction of z;

Forc=1, r(x)=1/b,i.e.aconstant;
Forc > 1, r(z)isan increasing function of z.

I
/N
R
N—

o
8
WV
o

Hazard rate function r(z) =



