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SOR201 Solutionsto Examples 7

1. (i) Thejointp.d.f. of (X Y, Z)is

| Kay2?, 0<z,y<1,0<2<3
f(@y,2) = {0, otherwise.

(@) Integrating over all three variables:

1 3
1 = / / / Kazy22dedydz [order of integration is not important]
0 0

1701

= / / Kuxy [%zﬂii dxdy
017% 1 »

= / / 9K zydxdy :/ 9Kz [%yz}yio dx
0,70 0 =

/ngdx—gK[% 2 =K.
0

0 4

So K =
(b) The marginal p. d f.of Yis

frly) = /00 /OO f(z,y,z)dxdz

— 00 — 00

3 1 ,
_ a0 20 0 a1 s1e=
= / / gryz ddz _/ 57y (37 ]zzo

0,70 0

= /4:cyd:c, 0<y<1
0

_ 21z=1 __ 21% O < Yy < 1
= Y27 = {0, otherwise.

@I»&

Hence

E(Y) =/ yfy(y)dyzfo 2y%dy = [2°], = 2.

oo

(c) Thejoint p.d.f. of (X, Z)is
fxz(z,2) = / f(@,y, 2

—xyzzdy, 0<z<1,0<2<3

\

12]3/1
2 y()

4

9t

_ % : <1,0<2<3
) otherW|se

(d) The conditional p.d.f. of Y given X = 2, Z = 11is

Gy, 1)
fXZ(§ 1)
5 %y“z_{?y, 0<y<1

o % 12 10, otherwise.

@II\D

Hence

EY|X=32=1) = / =1.Z=1)dy

/continued overleaf
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OR

Since f(z,y, z) = (function of z) x (function of y) x (function of z) for all (z, v, 2),
it follows that X, Y and Z are independent random variables.

So fx(z) = ax, 0<x2<1,

where the constant a is such that [*°_ fx(z)dz = [, azdr = 1,i.e. a = 2.
Similarly,

frly) = by, 0<y<l = b=2
fz(z) = %, 0<z2<3 = c=4.
Hence
(a)K:abc:%
O fry)=2y, 0<y<l: EY)=2

©) fxz(x,z) = fx(z).fz(2) since X, Z are independent, i.e.

2 2
_ ) graEs, 0<r<L,0<2<3
fx.z(x,2) {07 otherwise.

(d) Since Y is independent of X, Z

(@ f(x,y) >0intheshadedarea0 <y <z <1
(except along the lines = =1 and y = 0)

(b) The marginal distribution of X has p.d.f.

o(x) = / F(,y)dy = / K(1—2)y’dy, 0<a<l.

Consider x to be fixed, 0 < x < 1; then0 <y < x.
So

g(z) = K(1-—ux)~ [ﬁyﬁﬂ} !
y=0

= -t o<l

Recognising this as the p.d.f. of a beta distribution, it follows that
1

— (B+2)=1(1 _ p)e+tD)-1 < <1

where

['(a)l'(b)

Tath) (a,b>0)

1
B@m:/fﬂu—wlm:
0

(see eqgns. (5.27), (5.28) of lecture notes).
/continued over|eaf
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:E;C]e Gr1 B(ﬁ+21,a—|— o K= B(ﬁ(f;,;)Jr 1)’
o120 _ =y
GEDE - gey<asa
and
> ToB+1)y

EVX) = [ urledy = [ oy

(G+1) [W } (6+1)

S| Brz),, (B+2)

The marginal distribution of Y has p.d.f.

x, 0<z <1

[e'e) 1
h(y) = / f(z,y)dx = / K(1—z)*y’dz, 0<y<1.
. y

Consider y to be fixed, 0 <y < 1; theny <z < 1.

So
1 r=1
— 8 . . a+1
v = 50| (<) amar|
K o
= 1=y, 0Ky <l
(B+1) 3
— 1— a+1 < < 1.
(a+1)B(ﬁ+2,a+1)y( vt 0y
Then
f(z,y) K(1 — )%y’
f(zly) = -
h(y) a%(ll— iy)‘” 7
(aa_)(y);? L 0<y<e<l
Also

o0

E(X]y) = / £ f(zly)dz

P e+ (1 -2
/ z. dx

: )(1 —y)ot!
a+1 ! o
= Tt —y)““/y (1l —x)%dx.

Integrating by parts:

/ylx(l—x)o‘dx _ Lw.x]}[mm
—y a+l

(4 1)

(1-y)
(a+2)

So E(X|y) =y +




2.
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(@) The jointp.d.f. of (X,Y)is

fxy = [fx(x).fy(y) [since X, Y are independent]
)\a+ﬁxa71y67167>\(m+y)
_ , 0<z,y <o
- [(e)T'(53) _
0, otherwise.

Lt U=X+Y, V=X/Y.
The transformation w=z+y, v=2/y, 0< 2,y < oo
is one-to-one with inverse

uv u
T = = .
1+o YT 110

The Jacobian of the (original) transformation is

1 1
)y —ax/y°

So the joint p.d.f. of (U, V) is

Gty (R

J(u,v;x,y) = ) i -

uv u
fU,v(va) = fxy (1—1—@’14——1)) |J(~”C;1%U7U)‘

) ) )

when 0 < ——, < 0
140 140

a+p a—1
— A a+p—1,—Au v

I'()L'(5) (14 v)ots’
= (function of u) x (function of v), forall (u,v).

0<u,v<oo

So U and V are independent random variables, i.e. X+Y and X/Y are independent
random variables.

The p.d.f. of U = X + Y is proportional to u®*°~1le=*, 0 < u < oo.
Hence U ~ gamma(a + ,A) and so

)\aJr,BuaJrﬁflef)\u

Pl = "Tavs

0 < u<oo.

The p.d.f. of V = X/Y is then

Ma+p) v
L(@)T(B) (1 + v)*+7”

fv(v) =

0<v<oo.

Now reverse the roles of X and Y in the above discussion. Then we have that

Y + X and Y/X are independent random variables;
Y + X ~ gamma(f + o, \); |

rB+a) wt
Y/X hasp.d.f. T(3)T() (1w

0 <w<oo.

/continued overleaf
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(b) From the end of part(a), Y/X and Y + X are independent random variables.
1 X

1+Y/X X+Y

So and X + Y are independent random variables.

lla+p8)  w’!

Also, W =Y /X has p.d.f. = , 0< .
Jrheepat wl) = par@ @ 0SS
) 1 . . .
The transformation t = 7w 0 < w < oo is one-to-one and differentiable:
w
dt 1 ) _ _ 1—t
— =———— = —t%; theinverseis w=——.
dw (1+w)? t
Hence
1—t¢t\ |dw
t) = — ) | =
B = 5w (50 |5
r 1 —¢)%-1 1 1-—
— (Oé—i_ﬁ)( t) taJr,B ——, 0< t<OO
Cla)T(p) 81 t2 t
- ! M1 =8P 0<t<]
v B(a, 5) ’
i.e. ~ beta )
T (a. 8)

(c) Negative exponential (\) = gamma (1, \).
So {X,Y are independent negative exponential (\) random variables}
= X +Y, X/Y are independent random variables, where

X +Y ~gamma(2, \);

p.df.of V=X/Y is

T+ 0P

~ beta(1, 1) = uniform[0, 1].
oy~ beta(l 1) 0,1
(d) x*(r) = gamma(ir, 3), rapositive integer.
So {X,Y are independent x?*(r;), x*(ro) random variables}
= X + Y, X/Y are independent random variables, where

X +Y ~gamma(ry + ra, 3) = x2(r1 + 12);

F(%Tl + %TQ) pari—l

df.of V=X/Y is T 1.
P P T ) (L4 o) ie

0<v <o

X1V ~ beta(%Tl, %TQ).
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(i) The jointp.d.f. of (X,Y)is

fxy(z,y) = fx(2).fr(y), —00 < T,y < 0.

(@ The transformation « = zy, v = y is one-to-one and has inverse
x = u/v, y = v. The Jacobian of the (original) transformation is

Y

0 1 =Yy =nv.

So the joint p.d.f. of (U, V) is

1

-1, —00 < U,V < 00
v

fovluv) = fx () fr(v)

and the p.d.f. of U = XY is then

/Z fx (%) fr(v)

1
—| dv, —00 < u < 0.
v

Alternatively: the transformation « = zy,v = = iS one-to-one and has
inverse = =wv, y = u/v. The Jacobian of the (original) transformation is

y ry_ _ . _
1 o= %=V

So the joint p.d.f. of (U, V) is

1
fU,V(U,U):fX(U)fY (%) ‘—; , —00 < U,V < 0
and the p.d.f. of U = XY is then
> w\ |1
/_OO fx(v)fy (;) . dv, —00 < U < 0.

(b) The transformation « = x/y, v = y is one-to-one and has inverse
x = uw, y = v. The Jacobian of the inverse transformation is

v ou
J(z,y;u,v) = 0 1|7 v
So the joint p.d.f. of (U, V) is
foy(u,v) = fx(uv)fy(v)|v], —00 < U,V < 00.
and the p.d.f. of U = X/Y is then
/ Ix(uv) fy (v)|v|dv, —00 < u < 00.

/continued overleaf
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(c) The transformation « = =z +y, v = x IS one-to-one and has inverse
x =wv, y = u — v. The Jacobian of the (original) transformation is

11
Jwvizy) =1, =1
So the joint p.d.f. of (U, V) is
Jov(u,v) = fx() fyV(u—v)| =1, —00 < U,V < 00

andthep.df.of U=X+Y is

/OO fx () fy(u—wv)dv, —00 < u < 00.

Alternatively: the transformation « = x +y, v =y IS one-to-one with
inverse = =wu — v, y = v. The Jacobian of the (original) transformation is

1 1
J(u,v;z,y) = 0 117 1.
So the joint p.d.f. of (U, V) is
Jov(u,v) = fx(u—v)fy(v)[1], —00 < u,v < 00

and the p.d.f. of U = X + Y is then
/ Ix(u—w)fy(v)do, —00 < U < 00.

y Cf1, o<z <1 Cf1, 0<y<1
(i) fx(x)= {0, otherwise; Fr(y) = {O, otherwise.

(@) The p.df. of U = XV is /Z fx (%) IYOIE

—| dv, where
_ v

f (E)f()— I, when0<u/v<1,0<v<1 ie. 0<u<v<l
X\ /YY) 710, otherwise.

So .
1
fo(u) = / —dv = [log,v]} = —log,u, 0<u<l.
w U

/continued overleaf
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(b) Thepd.f.of U= X/Y is /00 fx (uv) fy (v)|v|dv,

where
1, when0<uw <1,0<v<1

fx(uv) fy (v) = {0, otherwise.

Now

0<v<1<1/u when0<u<1

< < <v <
0\uv\1,0\v\1:>{0<0<1/u<1 when 1 < u < 0.

So .
/ vdv = [102]1:%, when0 < u <1
0

1/u
/ vdy = —— when 1 < u < oo.
0

(c) Thepdf.of U=X+Yis / fx(u—v)fy(v)dv,
where o
1, when0<u—v<1,0<0v<1
Fx(u=v)fr{v) = { 0, otherwise.
Now

0<v<u<l, when0<u<1

<u—v< <ov<
0<u v\lao\v\lj{u_1gygl, when 1 < u < 2.

So .
/1dv:u, when0 <u <1
0

fo(u) = 1
/ ldv=[v]! | =2—u, whenl<u<2.
u—1

(i) The joint p.d.f. of (X, X5, X3) is

1 3 T — 2 Ts— 1 2
fX17X27X3(ZL'1,l‘2,ZL‘3) = < 27]_0) exp{—%( . ) _ ( - )
2
(xg M) }, —00 < X1, T2, Tz < O0.
g

u = I1— I3 = (z1—p)— (x5 — p)
v T2 — T3 (w2 = ) — (x5 — 1)
w = x1+rat+a3—3u = (r1—p)+ (xa—p)+ (x3 — p)

N[

The transformation

is one-to-one and has inverse

T =3(2u—v+w)+ p e m—p = i2u—v+w)
Ty =z(—u+2v+w)+p e z—p = z(—u+2v+w)
r3=3(—u—v4w)+p e x3—p = z(—u—v+w).

/continued overleaf
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The Jacobian of the (original) transformation is

1 0 -1
J(u,v,w;x1,x9,23) = |0 1 —1
1 1 1
1 -1 0 -1 0 -1
= 1‘1 1‘—0‘1 1‘+1‘1 _1‘_2+1_3

Then the joint p.d.f. of (U, V, W) is

fovw(u,v,w) = fX7y,Z(%(2u—v+w)+,u, é(—u+2v+w)+u,
S(—u—v+w) 4 p) [J(z1, 22, T35u, 0, w)|.

Now
GRu—v+w) P+ {3(—u+20+w)}? + {3(—u—v+w)}?
= +{4u? +0? + w? — duv + duw — 2vw
+u? + 4v? + w? — duv — 2uw + 4vw
+u? + v% + w? + 2uv — 2uw — 2vw}
= ${6u® + 6v* + 3w? — 6uv}.
So
1 \3
u,v,w) = 1 X
fU,V,W( ) 3 <\/%0_)
1
exp ¢ —=—.5(6u? + 607 + 3w? — 6uw) p, —o0 < u, v, w < o0.
202

This factorises into a function of (U, V') times a function of 17/. Hence

p.df.of W = fiy(w) x exp{— 12>w2}, —00 < w < 00

2(30

1 { 1
—— €X ——Ww
V2130 P 2(302)
i.e. W ~ N(0,30?), and then

2

=  fw(w) , —00 < W < 00

1 1\’ 1
fU,V(u,v):—< ) exp{ —(u2—uv+02)}, —00 < U, v < 0.

V3 2o 302
(if) (a) Let C be an orthogonal matrix with first row (a4, as, ..., a,) and second row
(b1, b9, ..., b,).
Y1 Zy
LetY =CZ whereY = , 4= :
Y, Ly,

Then Y7, ..., Y, are independent N(0, 1) random variables, and

Y1 = iaiZi, }/2 = i szz
1=1 =1
Also . .
Y-y s
1=1 =1

/continued overleaf
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So

n n 2 n 2
W = ZZZQ—{Z CLz'Zz} —{Z bizi}
i=1 i=1 i=1
= Z Yz‘2 - Yl2 - Yz2 :Z Yz‘2- (*)
=1 1=3

Hence Y7, Y5 and W (being a function of Y3, ..., Y,, only) are independent ran-
dom
variables, and

Y; ~N(0,1), Y3 ~N(0,1), W ~ x*(n—2)

(the last result following from the fact that 17 is the sum of the squares of n — 2
independent N(0, 1) random variables — see (x) above.)

: — 1
Sample mean random variable X = =)~ X;.
n &

: , 1 _
Sample variance random variable S2 = > (X -X)

Zi=(Xi—p)fo o X;=p+oZ; (i=1,..,n).
So

X = u+0Z  (whereZ = — ZZ

2
S* = — —07)? — Z
i=1 i=1
N 1 < - : : :
Since Z and . Z (Z; — Z)? are independent random variables, it
n J—

=1
follows that X and S? are also independent random varlables
Since  Z ~ N(0,1), we have that X ~ N(u,< <) (because a linear
transformation of a normal random variable is also a normal random variable).

Since » _ (Zi — Z)* ~ x*(n — 1), we have that (=D& Yi(n —1).
g

2
i=1

Now the random variable 7 = 77 ~ t(r),

where  Z ~ N(0,1), V ~ x3(r), and Z,V are independent random
variables.

<

Y _ 2
So since (\);OT/’;) ~ N(0,1) and % ~x*(n—1),

and these random variables are independent, we deduce that

02/n /\/”_1 Jn—1) ~t(n—1)

(X = 1)/v/S7/n ~ t(n = 1).




