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SOR201 Solutionsto Examples 8
1. (i) (a) The c.d.f. of the uniform distribution on [0, 1] is
F(z) ==, 0<z<1.

So the p.d.f. of X; is

f(i)($> = (Z — 1)7;271 — Z_)!{F(x)}i—l{l — F(x>}n—zf<x)7 oo <1< o0
= n: _1<1 _ x)n—i’ 0<zr<1
- o y
- B(i,n—iﬂ)x (I—z)",  0<z<1

i.e. Xy ~ beta(i,n —i+1).
Then -
E(X(i)) = / X (i)(l‘)dﬁ

= = 1)7'571 — ) /0 7 (1 —z)" "dx

= — ' )B(z—l—ln—z—l—l)

(1 — 1) (n—1)!
B n! i+ 1)(n—i+1)
= Dl(n—9) C(n+2)
B n! dfn—9)! @«
T G- Dlin—) nr ) ni1 P
(see lecture notes on the beta distribution).
Also )
2 — i+l o \n—i
E(XG) = z—l'n—z /:U (1 —2)" dx
n.
= 2,n—1+1
] B(i+2,n—i+1)
B n! (1 + 1Dl (n —a)!
(i=Din =0 (n+2)
i)
(n+1)(n+2)
So
B i(i+1) i\’
VariXe) = (n+1)(n+2) (n—l—l)
iln—i+1)
(n+1)%(n+2) -
Did; n—1+
(b) The joint p.d.f. of (X(;), X)), i <jis
n!

fon) = gy Y ) — Py

x{1 — ( 13 f () f(v), —00 < u < v <00
= n! u v —u) N1 — ),

(i =D —i—1l(n—j)

O<u<v<l.
/continued overleaf
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(c) The joint p.d.f. of (X (1), X(,,)) IS

foym (u,v) = ——5

Let R:X(n)—X(l), W:X(l).

The transformation r=v —u, w=u, 0 <
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uw < v <1 Isone-to-one with

inverse « = w, v = r + w. The Jacobian of the (original) transformation is

-1
1

1
0

J(r,w;u,v) = ’
So the joint p.d.f. of (R, W) is

fR,W(Ta U}) = f(l),(n) (U}, T+ w) |J(U, v,

= -1

w)]

= nn—1)r"2|-1], 0Sw<r+w<l, o 0<w<l—r
Then the p.d.f. of R is
1—r
fr(r) = n(n — 1)r" 2dw
0
= n(n—1)r" (1 —r), 0<r<L
Hence .
E(R) = n(n—l)/ N1 —r)dr
0
= n(n—1)B(n,2)
~ (- (n—1N!' n—1
- e "n+ D! n+ 1
Also
E(R?) = / (1—r)d
0
= 1)B(n+1,2)
B n(n n'll n(n-—1)
B ‘m+2) (n+1)(n+2)
So
n(n —1) n—1 2(n—1)
Var(R) = - = :
(F) (n+1)(n+2) <n+1) (n+1)%2(n+2)

2. (i) The MGF of X is
Mx(0) = E(eox):/ e’ e M dg
00 0
= / e~ =02 gy
0
A > A
— . —()\—6)11; = —
[ g€ L L 0 <\
Then
dMx A dMx 1
o~ =02 o E(X) [ b |,y N
d*Mx 2\ d*Mx 2
X o E(X?) = ==
402 A —0)2 o BXY) { 402 LO e
2 1\ 1
Var(x) = — (<) ==
and  Var(X) 2 <>\> 2

/continued overleaf
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. A\
(@) @ Mir(6) = Msoos, (6) = M (0)- 00, (0) = (525 ) 0<n
The MGF of the gamma(a, A) distribution is

00 a, a—1_—Au
My(0) = / eeu.miedu
0

I(a)
oo )\aua—le—(A—G)u
= du set t=A—0)u, A >4
| s B RRCSU UL
_ /wﬁ LI I
C b T \h=g) -0
= ——— [ t*letdt

D=0 b
= (/\_e)a:<m) , 0< A

Hence W =X;+ - -+ X, ~gamma(n,\).
(b) The MGF of X is

Mx(8) = E eﬁ)
= E(enZiXi
= Mw(0/n)

- (A—Ae/ny - (mnie)n b/n <A

So X ~ gamma(n,n\).
(c) We have

MU1+U2<9) = MUl(e)MU2<9)
A\ A \®
- (m) (m) 0=
A aytasg
- (m) |

So  U; + Us ~ gamma(a; + ag, \).
(i) The MGF of Y is

My(6) = E(e(’y):/ab ‘

Expanding the exponentials:

My(0) = {1+6b+ L(00)>+ L(00)> + -
—1—fa — 5(0a)? — L(0a)®> —---} /{0(b— a)}

/continued overleaf
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le 1.2
In this series expansion, the coefficient of 6 is 2"[)72@ =1(b+a), sO
—a
E(X) = coefficientof /1! = L(a +b).
Lb?) o la?:
The coefficient of 62 is ?"[)73' =1(b*+ab+a?), soO
—a

E(X?) = coefficient of 6?/2! = 1(b* + ab + a?)

and then
Var(X) = (b +ab+a?) — +(a+b)?
= S(b*—2ab+a?) = 5(b—a)™
[Note: the calculation of moments via (£4),_, and (£2L),_, is more difficult here.]
do dé
(i) (a) If X ~ uniform [0, 1], then from part (i)

0
—1 .
Mx(0) = ¢ 7 [special case a = 0,b=1].

(b) Since X, ..., X,, are independent,

e/ —1 )"
My, 0 = { 5 |

( X

= E(e((’/n)(XlJr---Jan))
= MX1+---+Xn(2/”)

- {&951}'

Then
M(0)

m

(c) It follows that

log, Mx(f) = nlog,

= nlog {1+ (3(8/n) + 5(0/n) + o(:%)}
= n{ (5(0/n)+ §(0/n) +o(3))

o L (T ditto................. )?

T TR ditto......cocoo...... ¥ —}

(provided [(....ditto....)| < 1,
which is satisfied for a given value of 6
by choosing n sufficiently large)

= %9 + %192%1— : %1% n+o(z)

= 50 + ﬂe “n + O(E)'

So
Mx(0) = exp{30+5;6° +o(3)}
~ exp{i0+1.55-0°}  whennis large.
So

X "IN(L, ) when n is large.
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(i) Mx,(0) = E (") = exp(w:f) + 50767).
MaiXi (0) — E (eeaiXi) — E (e(aZO)X,)
= Mx,(a;0) = exp(p;a,0 + 302a?6?)
= exp(ayub + 3ai076%).
Then
Mw(0) = My 50,x,(0) = Mo x,0onnen. M, x, (9) [independence]
= exp(aymb + 1aioi6?)......... exp(anpnd + 1a2026?)
= exp { (Z CLHM) 6+ 3 (Z a?af) 92}
i=1 i=1
So

W ~N <i aifl;, i a?af) :
i=1 i=1

If X; ~N(u,0%) (i =1,...,n), and writing X in the form X :Z ()X,
=1

the above result gives

XN (Z By <%>202) — N(p.o*/n).

i=1 i=1

(ll) MX17X2 (01, 02) =E (6€1X1+92X2) = / / 661x1+92$2f(l‘1,l‘2)dl‘1dl‘2
provided the integral exists in some region |0,| < 601y, |02| < Oa.
@) Mx, x,(01,02) = exp{p61 + paby + 5(0703 + 2p0102010, 4 0305) }.

M .
# = GXp{dlttO}(/Ll —+ 0'%91 -+ p0'10'2092).
1
OMx, x ]
So E(X)) = | —2=2 = lU.
( 1) |: 861 01600 H1
Similarly, E(Xs2) = po.
82MX17X2 _ : 2 2 P 2
Also, o = exp{...ditto... } (1 + 0761 + po10262)* +exp{...ditto... } 7.
1
> M
0 e = (D] it
907 01=02=0
and Var(Xy) = (pi +of) — pi = o7,
Similarly, Var(X,) = o3.
Finally,
0?Myx, x, .
T)ééX GXp{dlttO}(/Lg —+ p0'10'2¢91 -+ O'%@Q).(,Ml -+ 0'%91 -+ p0'10'2092)
1002
+ exp{...ditto... } (poi09).
82MX X.
So E(X X, = | —=2=2 = )
(X1X2) [ 90,00, :|091:092=0 Hopy + po102
Hence COV(Xl,XQ) = E(XlXQ) — E(Xl)E(XQ) = pO109
Cov(X,, X
and p(X17X2) — OV( 1 2) _ pPO1029 -

v/ Var(X;)Var(Xs) o202
/continued overleaf
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(b) We have

Ma1X1+a2X2 (9) = E €(a1X1+a2X2)9

E |:€(CL19)X1+(CL209)X2]

MXl,XQ (&19, &209)

exp{ai b + aspi20 + 1(a}o? + 2a1a2p0109 + a303)6%}
= MGFof N(ayp + aspis, a2o? + 2a1a9p0109 + a303).

S0 a1 Xy + ax Xy ~ N(ayuy + aspiz, a?0% + 2a1a2p0105 + a303).

@) (@ If S, = Xy + -+ X, where X;,..., X,, are i.i.d. Poisson(1) random
variables, then
S, ~ Poisson(n).

(b) The Poisson(1) distribution has mean 1 and standard deviation 1.
So by the central limit theorem

S, —n.l

~ N(0, 1
Vvn.l (0,1),

i.e. the c.d.f. of Sn 1, the c.d.f. of N(0,1) as n — oc.

(c) We have

|p—m n jo—n
P(Snzj):"'cf' ,j=0,1,.., and P(S,<n)= ”?‘
J: =
_ n? n" 1
Hence e™(1+n+ r+--+—)—5 a8 n— o0



