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SOR201 Solutions to Examples 8

1. (i) (a) The c.d.f. of the uniform distribution on [0, 1] is

F (x) = x, 0 6 x 6 1.

So the p.d.f. of X(i) is

f(i)(x) =
n!

(i − 1)!(n − i)!
{F (x)}i−1{1 − F (x)}n−if(x), −∞ < x < ∞

=
n!

(i − 1)!(n − i)!
xi−1(1 − x)n−i, 0 6 x 6 1

=
1

B(i, n − i + 1)
xi−1(1 − x)n−i, 0 6 x 6 1

i.e. X(i) ∼ beta(i, n − i + 1).

Then

E(X(i)) =

∫

∞

−∞

xf(i)(x)dx

=
n!

(i − 1)!(n − i)!

∫ 1

0

xi(1 − x)n−idx

=
n!

(i − 1)!(n − i)!
B(i + 1, n − i + 1)

=
n!

(i − 1)!(n − i)!
.
Γ(i + 1)Γ(n − i + 1)

Γ(n + 2)

=
n!

(i − 1)!(n − i)!
.
i!(n − i)!

(n + 1)!
=

i

n + 1
= pi

(see lecture notes on the beta distribution).
Also

E(X2
(i)) =

n!

(i − 1)!(n − i)!

∫ 1

0

xi+1(1 − x)n−idx

=
n!

(i − 1)!(n − i)!
B(i + 2, n − i + 1)

=
n!

(i − 1)!(n − i)!
.
(i + 1)!(n − i)!

(n + 2)!

=
i(i + 1)

(n + 1)(n + 2)
.

So

Var(X(i)) =
i(i + 1)

(n + 1)(n + 2)
−
(

i

n + 1

)2

=
i(n − i + 1)

(n + 1)2(n + 2)

=
piqi

(n + 2)
, where qi = 1 − pi =

n − i + 1

n + 1
.

(b) The joint p.d.f. of (X(i), X(j)), i < j is

f(i),(j)(u, v) =
n!

(i − 1)!(j − i − 1)!(n − j)!
{F (u)}i−1{F (v) − F (u)}j−i−1

×{1 − F (v)}n−jf(u)f(v), −∞ < u < v < ∞
=

n!

(i − 1)!(j − i − 1)!(n − j)!
ui−1(v − u)j−i−1(1 − v)n−j,

0 6 u < v 6 1.
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(c) The joint p.d.f. of (X(1), X(n)) is

f(1)(n)(u, v) =
n!

(n − 2)!
(v − u)n−2, 0 6 u < v 6 1.

Let R = X(n) − X(1), W = X(1).
The transformation r = v − u, w = u, 0 6 u < v 6 1 is one-to-one with
inverse u = w, v = r + w. The Jacobian of the (original) transformation is

J(r, w; u, v) =

∣

∣

∣

∣

−1 1
1 0

∣

∣

∣

∣

= −1.

So the joint p.d.f. of (R, W ) is

fR,W (r, w) = f(1),(n)(w, r + w) |J(u, v; r, w)|
= n(n − 1)rn−2 |−1| , 0 6 w < r + w 6 1, or 0 6 w 6 1 − r.

Then the p.d.f. of R is

fR(r) =

∫ 1−r

0

n(n − 1)rn−2dw

= n(n − 1)rn−2(1 − r), 0 6 r 6 1.

Hence

E(R) = n(n − 1)

∫ 1

0

rn−1(1 − r)dr

= n(n − 1)B(n, 2)

= n(n − 1).
(n − 1)!1!

(n + 1)!
=

n − 1

n + 1
.

Also

E(R2) = n(n − 1)

∫ 1

0

rn(1 − r)dr

= n(n − 1)B(n + 1, 2)

= n(n − 1).
n!1!

(n + 2)!
=

n(n − 1)

(n + 1)(n + 2)
.

So

Var(R) =
n(n − 1)

(n + 1)(n + 2)
−
(

n − 1

n + 1

)2

=
2(n − 1)

(n + 1)2(n + 2)
.

2. (i) The MGF of X is

MX(θ) = E
(

eθX
)

=

∫

∞

0

eθxλe−λxdx

=

∫

∞

0

λe−(λ−θ)xdx

=

[

− λ

λ − θ
e−(λ−θ)x

]

∞

0

=
λ

λ − θ
, θ < λ.

Then

dMX

dθ
=

λ

(λ − θ)2
, so E(X) =

[

dMX

dθ

]

θ=0

=
1

λ
.

d2MX

dθ2
=

2λ

(λ − θ)2
, so E(X2) =

[

d2MX

dθ2

]

θ=0

=
2

λ2

and Var(X) =
2

λ2
−
(

1

λ

)2

=
1

λ2
.

/continued overleaf
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(ii) (a) MW (θ) = MX1+···+Xn
(θ) = MX1

(θ)...MXn
(θ) =

(

λ

λ − θ

)n

, θ < λ.

The MGF of the gamma(α, λ) distribution is

MU(θ) =

∫

∞

0

eθu.
λαuα−1e−λu

Γ(α)
du

=

∫

∞

0

λαuα−1e−(λ−θ)u

Γ(α)
du [set t = (λ − θ)u, λ > θ]

=

∫

∞

0

λα

Γ(α)

(

t

λ − θ

)α−1

e−t 1

(λ − θ)
dt

=
λα

Γ(α)(λ − θ)α

∫

∞

0

tα−1e−tdt

=
λα

(λ − θ)α
=

(

λ

λ − θ

)α

, θ < λ.

Hence W = X1 + · · · + Xn ∼ gamma(n, λ).

(b) The MGF of X is

MX(θ) = E
(

eθX
)

= E
(

e
θ

n

∑

i
Xi

)

= MW (θ/n)

=

(

λ

λ − θ/n

)n

=

(

nλ

nλ − θ

)n

, θ/n < λ.

So X ∼ gamma(n, nλ).

(c) We have

MU1+U2
(θ) = MU1

(θ)MU2
(θ)

=

(

λ

λ − θ

)α1

.

(

λ

λ − θ

)α2

, θ < λ

=

(

λ

λ − θ

)α1+α2

.

So U1 + U2 ∼ gamma(α1 + α2, λ).

3. (i) The MGF of Y is

MY (θ) = E
(

eθY
)

=

∫ b

a

eθy

b − a
dy

=

[

eθy

θ(b − a)

]y=b

y=a

=
eθb − eθa

θ(b − a)
.

Expanding the exponentials:

MY (θ) =
{

1 + θb + 1
2!

(θb)2 + 1
3!

(θb)3 + · · ·
−1 − θa − 1

2!
(θa)2 − 1

3!
(θa)3 − · · ·

}

/{θ(b − a)}

/continued overleaf
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In this series expansion, the coefficient of θ is
1
2!
b2 − 1

2!
a2

b − a
= 1

2
(b + a), so

E(X) = coefficient of θ/1! = 1
2
(a + b).

The coefficient of θ2 is
1
3!
b3 − 1

3!
a3

b − a
= 1

6
(b2 + ab + a2), so

E(X2) = coefficient of θ2/2! = 1
3
(b2 + ab + a2)

and then
Var(X) = 1

3
(b2 + ab + a2) − 1

4
(a + b)2

= 1
12

(b2 − 2ab + a2) = 1
12

(b − a)2.

[Note: the calculation of moments via ( dM
dθ

)θ=0 and (d2M
dθ2 )θ=0 is more difficult here.]

(ii) (a) If X ∼ uniform [0, 1], then from part (i)

MX(θ) =
eθ − 1

θ
[special case a = 0, b = 1].

(b) Since X1, ..., Xn are independent,

MX1+···+Xn
(θ) =

{

eθ − 1

θ

}n

.

Then
MX(θ) = E

(

eθX
)

= E
(

e(θ/n)(X1+···+Xn)
)

= MX1+···+Xn
(θ/n)

=

{

eθ/n − 1

θ/n

}n

.

(c) It follows that

loge MX(θ) = n loge

{

eθ/n − 1

θ/n

}

= n loge

{

1 + (θ/n) + 1
2!

(θ/n)2 + 1
3!

(θ/n)3 + · · · − 1

θ/n

}

= n loge{1 + 〈1
2
(θ/n) + 1

6
(θ/n)2 + o( 1

n2 )}
= n{ 〈1

2
(θ/n) + 1

6
(θ/n)2 + o( 1

n2 )〉
−1

2
〈................ditto.................〉2

+1
3
〈................ditto.................〉3 − · · ·}

(provided |〈....ditto....〉| < 1,
which is satisfied for a given value of θ
by choosing n sufficiently large)

= 1
2
θ + 1

6
θ2. 1

n
− 1

2
{1

2
. θ
n
}2n + o( 1

n
)

= 1
2
θ + 1

24
θ2. 1

n
+ o( 1

n
).

So
MX(θ) = exp

{

1
2
θ + 1

24n
.θ2 + o( 1

n
)
}

≈ exp{1
2
θ + 1

2
. 1
12n

θ2} when n is large.

So
X

approx∼ N(1
2
, 1

12n
) when n is large.

(Since E(Xi) = 1
2
, Var(Xi) = 1

12
,

then E(X) = 1
2
, Var(X) = 1/12

n
= 1

12n
.)
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4. (i) MXi
(θ) = E

(

eθXi

)

= exp(µiθ + 1
2
σ2

i θ
2).

MaiXi
(θ) = E

(

eθaiXi

)

= E
(

e(aiθ)Xi

)

= MXi
(aiθ) = exp(µiaiθ + 1

2
σ2

i a
2
i θ

2)
= exp(aiµiθ + 1

2
a2

i σ
2
i θ

2).

Then

MW (θ) = M∑

i
σiaiXi

(θ) = Ma1X1
.........ManXn

(θ) [independence]
= exp(a1µ1θ + 1

2
a2

1σ
2
1θ

2)......... exp(anµnθ + 1
2
a2

nσ2
nθ2)

= exp

{(

n
∑

i=1

aiµi

)

θ + 1
2

(

n
∑

i=1

a2
i σ

2
i

)

θ2

}

So W ∼ N

(

n
∑

i=1

aiµi,

n
∑

i=1

a2
i σ

2
i

)

.

If Xi ∼ N(µ, σ2) (i = 1, ..., n), and writing X in the form X =

n
∑

i=1

( 1
n
)Xi,

the above result gives

X ∼ N

(

n
∑

i=1

(

1
n

)

µ,

n
∑

i=1

(

1
n

)2
σ2

)

= N(µ, σ2/n).

(ii) MX1,X2
(θ1, θ2) = E

(

eθ1X1+θ2X2

)

=

∫

∞

−∞

∫

∞

−∞

eθ1x1+θ2x2f(x1, x2)dx1dx2

provided the integral exists in some region |θ1| < θ10, |θ2| < θ20.

(a) MX1,X2
(θ1, θ2) = exp{µ1θ1 + µ2θ2 + 1

2
(σ2

1θ
2
1 + 2ρσ1σ2θ1θ2 + σ2

2θ
2
2)}.

∂MX1 ,X2

∂θ1
= exp{...ditto...}(µ1 + σ2

1θ1 + ρσ1σ2θ2).

So E(X1) =

[

∂MX1 ,X2

∂θ1

]

θ1=θ2=0

= µ1.

Similarly, E(X2) = µ2.

Also,
∂2MX1,X2

∂θ2
1

= exp{...ditto...}(µ1 +σ2
1θ1 +ρσ1σ2θ2)

2 +exp{...ditto...}σ2
1 .

So E(X2
1 ) =

[

∂2MX1,X2

∂θ2
1

]

θ1=θ2=0

= µ2
1 + σ2

1

and Var(X1) = (µ2
1 + σ2

1) − µ2
1 = σ2

1 .
Similarly, Var(X2) = σ2

2 .
Finally,

∂2MX1,X2

∂θ1∂θ2
= exp{...ditto...}(µ2 + ρσ1σ2θ1 + σ2

2θ2).(µ1 + σ2
1θ1 + ρσ1σ2θ2)

+ exp{...ditto...}(ρσ1σ2).

So E(X1X2) =

[

∂2MX1,X2

∂θ1∂θ2

]

θ1=θ2=0

= µ2µ1 + ρσ1σ2.

Hence Cov(X1, X2) = E(X1X2) − E(X1)E(X2) = ρσ1σ2

and ρ(X1, X2) =
Cov(X1, X2)

√

Var(X1)Var(X2)
=

ρσ1σ2
√

σ2
1σ

2
2

= ρ.

/continued overleaf
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(b) We have

Ma1X1+a2X2
(θ) = E

[

e(a1X1+a2X2)θ
]

= E
[

e(a1θ)X1+(a2θ)X2

]

= MX1,X2
(a1θ, a2θ)

= exp{a1µ1θ + a2µ2θ + 1
2
(a2

1σ
2
1 + 2a1a2ρσ1σ2 + a2

2σ
2
2)θ

2}
= MGF of N(a1µ1 + a2µ2, a

2
1σ

2
1 + 2a1a2ρσ1σ2 + a2

2σ
2
2).

So a1X1 + a2X2 ∼ N(a1µ1 + a2µ2, a
2
1σ

2
1 + 2a1a2ρσ1σ2 + a2

2σ
2
2).

(iii) (a) If Sn = X1 + · · · + Xn, where X1, ..., Xn are i.i.d. Poisson(1) random
variables, then

Sn ∼ Poisson(n).

(b) The Poisson(1) distribution has mean 1 and standard deviation 1.
So by the central limit theorem

Sn − n.1√
n.1

a∼ N(0, 1),

i.e. the c.d.f. of
Sn − n√

n
→ the c.d.f. of N(0, 1) as n → ∞.

(c) We have

P(Sn 6 n) = P(Sn − n 6 0)

= P

(

Sn − n√
n

6 0

)

→ P(Z 6 0) as n → ∞
= 1

2
. [since Z ∼ N(0, 1)]

But since Sn ∼ Poisson(n),

P(Sn = j) =
n!e−n

j!
, j = 0, 1, ..., and P(Sn 6 n) =

n
∑

j=0

nje−n

j!
.

Hence e−n(1 + n +
n2

2!
+ · · ·+ nn

n!
) → 1

2
as n → ∞.


