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SOR201 Solutions to Examples 9

1. (i) (a)
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
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





(b) Since a Poisson process possesses stationary increments,

P[N(t2) − N(t1) = n] = P[N(t2 − t1) − N(0) = n]

=
{λ(t2 − t1)}

n exp{−λ(t2 − t1)}

n!
, n > 0

i.e. the probability depends on the length of the time interval, not on its position
on the time axis.

(c) FWr
(w) = P(Wr 6 w) = 1−

r−1
∑

j=0

(λw)je−λw

j!
.

So

fWr
(w) =

dFWr
(w)

dw

= −

r−1
∑

j=0

λjjwj−1e−λw

j!
−

r−1
∑

j=0

λjwj(−λ)e−λw

j!

= −
r−1
∑

j=1

λjwj−1e−λw

(j − 1)!
+

r−1
∑

j=0

λj+1wje−λw

j!
[set k = j − 1]

= −

r−2
∑

k=0

λk+1wke−λw

k!
+

r−1
∑

j=0

λj+1wje−λw

j!

=
λrwr−1e−λw

(r − 1)!
=

λrwr−1e−λw

Γ(r)
, w > 0

i.e. Wr ∼ gamma(r, λ).

(ii) (a) Tn = X1 + · · · + Xn ∼ gamma(n, λ).

(b)

0

X1

×

event
1

X2

×

event
2

×

event
k − 1

Xk

×

event
k

t

N(t) events

N(t) > k ⇐⇒ k, or k + 1, or ... events in (0, t].
Tk 6 t ⇐⇒ k, or k + 1, or ... events in (0, t].

So N(t) > k ⇐⇒ Tk 6 t.
(c) We have

P(N(t) > k) = P(Tk 6 t) = FTk
(t)

= P(W > k) where W ∼ Poisson(λt)

=
∞

∑

j=k

(λt)je−λt

j!
.
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So
P(N(t) = k) = P(N(t) > k) − P(N(t) > k + 1)

=

∞
∑

j=k

(λt)je−λt

j!
−

∞
∑

j=k+1

(λt)je−λt

j!

=
(λt)ke−λt

k!
, k = 0, 1, 2, ...

So N(t) ∼ Poisson (λt) or {N(t), t > 0} is a Poisson process.

2. (i) The MGF of X(t) ( with X(0) = 1) can be expanded as follows:

G(s, t) =
s − αt(s − 1)

1 − αt(s − 1)
=

αt + (1 − αt)s

(1 + αt) − αts

=
αt + (1 − αt)s

(1 + αt)

{

1 −

(

αt

1 + αt

)

s

}

=
1

(1 + αt)
{αt + (1 − αt)s}

{

1 +

(

αt

1 + αt

)

s +

(

αt

1 + αt

)2

s2 + · · ·

}

.

The constant (s0) term in this expansion gives

p0(t) =
αt

1 + αt
.

For n > 1, the coefficient of sn gives

pn(t) =

(

αt

1 + αt

) (

αt

1 + αt

)n

+

(

1 − αt

1 + αt

) (

αt

1 + αt

)n−1

=
(αt)n−1

(1 + αt)n+1
.

Now
∂G(s, t)

∂s
=

(1 − αt)

(1 + αt) − αts
−

αt + (1 − αt)s

{(1 + αt) − αts}2
(−αt),

so

E(X(t)) =

(

∂G(s, t)

∂s

)

s=1

=
1 − αt

1
−

1

12
(−αt) = 1.

(ii) Pure birth process 0

t t + δt

n

n− 1
n
n (birth)OR

EITHER

pn(t + δt) = pn(t)(1 − αnδt + o(δt)) + pn−1(t)(αn−1δt + o(δt)) + o(δt), n > a
pa(t + δt) = pa(t)(1 − αaδt + o(δt)).

So
dpn(t)

dt
= −αnpn(t) + αn−1pn−1(t), n > a

dpa(t)

dt
= −αapa(t).
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(iii) Pure death process 0

t t + δt

n

n + 1
n
n (death)OR

EITHER

pn(t + δt) = pn(t)(1 − βnδt + o(δt))
+pn+1(t)(βn+1δt + o(δt)) + o(δt), 0 6 n 6 a − 1

pa(t + δt) = pa(t)(1 − βaδt + o(δt)).

So
dpn(t)

dt
= −βnpn(t) + βn+1pn+1(t), 0 6 n 6 a − 1

dpa(t)

dt
= −βapa(t).

(iv) Birth and death plus immigration process 0

t t + δt

n

n− 1
n− 1
n + 1

n
n
n
n

OR

OR

OR

EITHER

(birth)
(immigration)
(death)

pn(t + δt) = pn(t){1 − αnδt − βnδt − θδt + o(δt)}
+pn−1(t){αn−1δt + o(δt)} + pn−1(t){θδt + o(δt)}
+pn+1(t){βn+1δt + o(δt)} + o(δt), n > 1

p0(t + δt) = p0(t){1 − α0δt − θδt + o(δt)}
+p1(t){β1δt + o(δt)} + o(δt).

So

dpn(t)

dt
= −(αn + βn + θ)pn(t) + (αn−1 + θ)pn−1(t) + βn+1pn+1(t), n > 1

dp0(t)

dt
= −(α0 + θ)p0(t) + β1p1(t).

3. (i) We have

P(U > u) = P(min(Y1, Y2) > u)
= P(Y1 > u, Y2 > u)
= P(Y1 > u).P(Y2 > u) [since Y1, Y2 are independent]
= e−λ1u.e−λ2u = e−(λ1+λ2)u, u > 0.

So P(U 6 u) = 1 − e−(λ1+λ2)u, u > 0

i.e. U ∼ negative exponential(λ1 + λ2).

Generalization: Consider n types of events, and let

Yi = time to an event of type i, i = 1, ..., n.

If the {Yi} are independent and Yi ∼ negative exponential(λi), i = 1, ..., n, then

U = min(Y1, Y2, ..., Yn) ∼ negative exponential(
n
∑

i=1

λi)
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Consider a time t at which both servers are serving. Let
Yi = time from t to end of service by server i
U = time from t to next service completion (customer departure).

× ×

One
server
starts

Other
server
starts

t
⊗

Departure

U

Then U = min(Y1, Y2), where, by the no-memory property, Y1 and Y2 are
negative exponentially distributed (with parameter λ) and independent. Hence
U ∼ negative exponential(2λ), i.e. the departure rate is 2λ.
If only one server is operating at time t, the departure rate is λ.

(ii) We have
(λn + µn)πn = λn−1πn−1 + µn+1πn+1, n > 0 (1)

where λ
−1 = µ0 = 0;

∞
∑

n=0

πn = 1. (2)

We follow the method given in lectures for the birth and death process.
Summing (1) from n = 0 to n = m, we get

m
∑

n=0

(λn + µn)πn =

m
∑

n=0

λn−1πn−1+

m
∑

n=0

µn+1πn+1

=
m−1
∑

n=0

λnπn+
m+1
∑

n=0

µnπn [using (2a)]

i.e. µm+1πm+1 = λmπm, m > 0

i.e. πm+1 =
λm

µm+1
πm −→

λm....λ0

µm+1....µ1
π0.

The normalization requirement
∞

∑

m=0

πm = 1 yields

π0 = S−1,

where

S = 1 +
λ0

µ1

+
λ0λ1

µ1µ2

+ · · ·

provided λ0, λ1, ... and µ1, µ2, ... are such that this series converges.
Particular cases:

(a) Queue with discouragement (and constant service rate)

λn =
λ

n + 1
, n > 0 : µn = µ, n > 1.

Then

S = 1 + λ
1
· 1

µ
+ λ

1
· λ

2
·
(

1
µ

)2

+ λ
1
· λ

2
· λ

3
·
(

1
µ

)3

+ · · ·

= 1 +
(

λ
µ

)

+ 1
2!

(

λ
µ

)2

+ 1
3!

(

λ
µ

)3

+ · · ·

= e(λ/µ).

So
π0 = e−λ/µ

πn = 1
n!

(λ/µ)ne−λ/µ, n > 1.
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Note:
(i) There is no restriction on the values of λ and µ, other than λ, µ > 0.
(ii) We observe that {πn} is a Poisson distribution with parameter λ/µ.

(b) M/M/s queue

λn = λ, n > 0 : µn =

{

nµ, n 6 s
sµ, n > s.

Then

S = 1 + λ
µ

+ λ2

µ.2µ
+ · · · + λs

µ.2µ....sµ
+ λs

s!µs

∞
∑

j=1

λj

(sµ)j

= 1 +
(

λ
µ

)

+ 1
2!

(

λ
µ

)2

+ · · ·+ 1
s!

(

λ
µ

)s

+ λs

s!µs ·
(

λ
sµ

)

· 1

1−( λ
sµ)

(λ < sµ)

= 1 +
(

λ
µ

)

+ 1
2!

(

λ
µ

)3

+ · · ·+ 1
(s−1)!

(

λ
µ

)s−1

+ λs

s!µs







1 +
(

λ
sµ

)

·
1

1 −
(

λ
sµ

)







= 1 +
(

λ
µ

)

+ · · ·+ 1
(s−1)!

(

λ
µ

)s−1

+ λs

s!µs ·
1

1 −
(

λ
sµ

) .

Provided λ < sµ, the steady-state distribution is

πn =







1
n!

(

λ
µ

)n

S−1, n 6 s

ss

s!

(

λ
sµ

)n

S−1, n > s

↗

or
(

λ
sµ

)j

πs, n = s + j.

(c) Queue with constant arrival rate and ‘ample’ servers

λn = λ, n > 0; µn = nµ, n > 1.

Then
S = 1 + λ

µ
+ λ2

µ.2µ
+ λ3

µ.2µ.3µ
+ · · ·

= 1 +
(

λ
µ

)

+ 1
2!

(

λ
µ

)2

+ 1
3!

(

λ
µ

)3

+ · · · = eλ/µ

So S−1 = eλ/µ and

πn =
1

n!

(

λ

µ

)n

e−λ/µ, n > 0.

(d) Queue with constant service rate and limited capacity

λn =

{

λ, n < N
0, n > N

: µn = µ, n > 1.

Then

S = 1 +
λ

µ
+

λ2

µ2
+ · · ·+

λN

µN
=

1 −
(

λ
µ

)N+1

1 − λ
µ

and

πn =

(

λ
µ

)n (

1 − λ
µ

)

1 −
(

λ
µ

)N+1
, n = 0, 1, ..., N.
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