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SOR201 Solutionsto Examples 9
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(b) Since a Poisson process possesses stationary increments,

UL L IR S
n:
i.e. the probability depends on the length of the time interval, not on its position

on the time axis.
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I.e. W, ~ gamma(r, \).
(i) @ 7T,=Xi+- -+ X,~gamma(n,\).
(b)
<--X|-->€---n- Xo------ > <-Xp-> |
.
0 event event event event t
1 2 k-1 k
N(t) events
N(t) >k <= k,ork+1,or..eventsin (0,t].
T, <t <= k,ork+1,or..eventsin (0,t.
So N(t)z2k < Tp<t.
(c) We have
P(N(t) 2 k) = P(Tp <t)=Fr(t)
= P(W >k) where W ~ Poisson(\t)
_ i ()M
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So

P(N(t)=Fk) = P(N({t) =2 k) —P(N() > k+1)
i (At) Je*)‘t = (At)Te M
ji=k o Jj=k+1 ‘7'
_ Qe
= I , k=0,1,2, ..

So  N(t) ~Poisson (At) or {N(t),t > 0} isa Poisson process.
(i) The MGF of X (¢) (with X (0) = 1) can be expanded as follows:
s—at(s—1) at+(1—at)s

I1—at(s—1) (14 at) —ats
at+ (1 — at)s

(1+at) {1 - (1 j_‘tat) 8}
_ (1+1at){at+ (1—at)s} {1+ (1?@) st (1?@)28””}'

The constant (s°) term in this expansion gives

G(s,t) =

ot
1+at

po(t> =

For n > 1, the coefficient of s™ gives

at at \" 1—at at \"! (at)1
l+at) \1+at l+at) \1+at (1+ at)rt!

Now
0G(s,t) ~ (I-at)  at+(1—al)s (—at)
0s  (14+at)—ats {1+ at) — ats)? ’
» 0G(s,t) l—at 1
s, _l-at 1
E(X(t)):( R )S T 12( at) = 1.
(ii) Pure birth process (I) I I -
bttt
TR a1 (b
Pa(t+6t) = pp(t)(1 — a0t + 0(6t)) + pp_1(t)(n_10t + 0(3t)) + 0(0t), n >a
Pa(t +0t) = pu(t)(1 — aydt + o(dt)).
So dpa(t)
p;t = _anpn<t> + anflpnfl<t>a n>a
dpa(t
dt( ) = _aapa(t>-

/continued overleaf
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(iii) Pure death process 0

;

t
EITHER n n
1+1  n (death)

po(t+0t) = pu(t)(1— 3,0t + o(dt))
+Pnt1 () (Bng10t + 0(0t)) + 0(0t), 0 <n<a—1
Pa(t +0t) = pa(t)(1 — 3.0t + o(6t)).

So
dp,(t
D) p) + Brapn (), 0<n< a1
dpa(t)
o = ~Papa(t).
1 ||
(iv) Birth and death plus immigration process 0 D s
T h (i)
Sonilom é?‘“hf;”
pu(t+0t) = pu(t){1 — andt — 5,0t — 00t + o(5t)}

+Pn—1(t){@n_10t + 0(0t) } + pn_1(t){0t + o(0t)}

D1 (D{Bui10t + 0(61)} + 0(6t), n > 1

+p1(t){ 510t + o(5t)} + o(t).

So
dp,(t)
dt - _(an + Bn + 0>pn<t> + (Oén,1 + e)pnfl(w + 5n+1pn+1(t>7 n 2 1
dpo(t
PO~ a0+ O)polt) + (1),
3. (i) We have
P(U>wu) = P(min(Y,Y2) > u)

P
= P(Y1>u, Yy >u)
P(Y: > u).P(Ys > u) [since Y7, Y5 are independent]
= e M emheu — gm(utAa)u g >,
So PU<Ku)=1—eWMtu 4 >0
i.e. U ~ negative exponential(\; + \2).
Generalization:  Consider n types of events, and let

Y; = time to an event of type ¢, 1=1,...,n.
If the {Y;} are independent and Y; ~ negative exponential()\;), i = 1, ..., n, then
U = min(Y1,Ys, ..., Y,) ~ negative exponential(> \;)

=1
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Consider a time ¢ at which both servers are serving. Let

Y, = time from ¢ to end of service by server i
U = time from ¢ to next service completion (customer departure).
One Other
server server <«——=-[J=-==—>
starts starts
|
t
Departure

Then U = min(Y;,Ys), where, by the no-memory property, Y; and Y, are

negative exponentially distributed (with parameter \) and independent.

U ~ negative exponential(2)), i.e. the departure rate is 2.
If only one server is operating at time ¢, the departure rate is \.
We have

(A 4 o) T = M1t + fns1Tng1, n =0

where A\ = o =0; Z 7, =1.

We follow the method given in lectures for the birth and death process.
Summing (1) from n = 0 to n = m, we get

m

n=0
m

()\n + ,un)ﬂ-n - Z /\ 17— 1+ Z Hn+1Tnp+1
n= 0
+

MS

WnTn  [USING (2a)]

L. lmi1Tme1 = )\mﬂ'm m 2_0
. . A Ao
e, M1 = Ty — ———————Tp.
Hm+1 Hm1---- 1
The normalization requirement » ~ ,,, = 1 yields
m=0
To = 5717
where \ W
S =1 + _0 + 041 + ...
M1 124V 25)

provided g, Aq,... and g, us, ... are such that this series converges.
Particular cases:

(@) Queue with discouragement (and constant service rate)

A
)\n: ) /0 n — M, 21
n-+1 " H oo
Then
A1 A A 1 2 A A A 1 3
S = 1+T';+T'§'(;> +T'§'§'(ﬁ> +
2 3
_ A 1 A 1 A
() +2 () +5 () +
— eM/w
So
To = €_>‘/M
Tn = (A p)ren nz>1

Hence

/continued overleaf
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Note:
(i) There is no restriction on the values of A and p, other than A, iz > 0.
(ii) We observe that {7, } is a Poisson distribution with parameter /.

(b) M/M/s queue

nw, NS
An=A 20 Hn {su, n > s.
Then
_ A 2 L A8 A e A
S = 1+4 w - w-2p + - -2k 800 T slps ]2:31 (sp)?

L) A () 2 (3) i e

A 1 AV e A 1

() e () ”(5>'¢
s—1 1

_ A A

S )y

Provided \ < sy, the steady-state distribution is

(2)+
= 1+(
G

n
1 —
=i (%) S, n<s
7Tn — R \ n
= (—) St n>s
sl \ sp
-
A :
or (;) Ts, n=s-+j.

(c) Queue with constant arrival rate and ‘ample’ servers

A=A, n =0 n =np, n =1
Then

S = 142 +m+u253”+~~

3
- 1+(p>+%(a) +%(A) fo = Ma

1 I
So S !'=¢Mro oand

1 n
T, = — (é) e_)‘/“, n > 0.
n! \ u

(d) Queue with constant service rate and limited capacity

A, n< N
g ) N g >
An {0’ RSN o =1, n =1,
Then
N+1
2 AN 1—(ﬁ>
S=14+—+—+ +— =
2 uN 1_2
and



