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Abstract. The problems related to the management of large quantum
registers could be handled in the context of distributed quantum computation:
unitary non-local transformations among spatially separated local processors are
realized performing local unitary transformations and exchanging classical
communication. In this paper, a scheme is proposed for the implementation of
universal non-local quantum gates such as a controlled NOT (CNOT) and a
controlled quantum phase gate (CQPG). The system chosen for their physical
implementation is a cavity–quantum–electrodynamics (CQED) system formed
by two spatially separated microwave cavities and two trapped Rydberg atoms.
The procedures to follow for the realization of each step necessary to perform a
specific non-local operation are described.

1. Introduction
One of the major problems in the experimental implementation of large-scale

quantum computing devices is scalability, i.e. the physical control at microscopic
level of a large number of quantum subsystems. In particular the destructive effects
of decoherence growth with the size of the register [1]. Furthermore, undesired
interactions among qubits of the same quantum register settle in an uncontrollable
way [2, 3]. One possible solution to this problem could be distributed quantum
computing. In this architecture a quantum computer is thought of as a network of
spatially separated devices, which we call local processors, each operating on a small
number of qubits [4]. Such a design of quantum computer has recently become
particularly stimulating in view of the papers by Eisert et al. [5] and by Collins
et al. [6]. In these works, the minimal amount of classical and quantum resources
needed to realize a general non-local unitary transformation is investigated. In the
case of two-qubit gates, two bits of classical communication and the maximally
entangled state of a shared pair of qubits (ebit) are proved to be necessary and
sufficient resources to implement a controlled-U gate [5]. In particular, in [5] a
theoretical protocol for the optimal implementation of a non-local controlled-NOT
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gate (CNOT) is described. This result is relevant since CNOT and single qubit
operations constitute an adequate set for quantum computation [7–11]. We have
summarized the protocol, using quantum circuit notation, in figure 1.

In this paper we propose an experimental scheme for the physical imple-
mentation of a non-local CNOT (according to the protocol proposed in [5]) and of a
non-local controlled-quantum phase gate (CQPG) in a cavity–quantum–electro-
dynamics (CQED) set-up.

The paper is structured as follows: section 2 describes the protocol of [5] for the
local implementation of a non-local CNOT and show how to modify it to obtain a
non-local control quantum phase gate. This latter is a relevant result as well,
because the set of quantum gates that comprehends CQPG and single qubit
rotations is universal for quantum computation [7–9]. Section 3 is devoted to a
brief description of the experimental set-up proposed to implement these non-
local gates. A short summary of the features of the interactions of a two-level atom
with a single mode of a cavity field is presented. We also describe an approach to
the interaction of the atom with an external classical pulse. Sections 4 and 5 analyse
in detail each step of the experimental scheme for the physical realization of the
non-local CNOT and CQPG. We show how they are realizable in a CQED system
including the description of a procedure for the preparation of the computational
register and commenting on how we obtain the required ebit. Every local operation
is analysed in full detail.

2. The theoretical protocols
In this section we briefly outline the protocol proposed by Eisert et al. [5].

We also show how the protocol can be modified to obtain a non-local CQPG.
Qubits A and B are, respectively, the control and the target of the non-local

CNOT while � and � are two auxiliary qubits encoding an ancillary ebit. Alice (Bob)
has access only to qubits A and � (B and �). We assume that the initial state of
qubits A and B is

j’iniA � j’iniB ¼ ðaj1i þ bj0iÞA � ðcj1i þ dj0iÞB ð1Þ

while the ebit is set in the Bell state 1=
ffiffiffi
2

p
ðj01i þ j10iÞ�� (to optimize the fidelity of

the non-local CNOT the joint state of � and � must be a maximally entangled state

Figure 1. Quantum circuit for a non-local CNOT gate realized using a shared ebit and two

classical bits of communication. In this scheme, A is the control qubit and B is the

target qubit. The joined state of qubits � and � encodes the needed ebit (entanglement

is represented by the wavy line). Classical communication is represented by dashed

lines and symbols for CNOT operation, Hadamard transform and Pauli �z operator are
shown. The measurements performed on the atomic qubit are schematically

represented by detectors.
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[12]). The protocol can be read easily from figure 1. First of all Alice performs a
local CNOTA� where A is the control and � is the target followed by an orthogonal
measurement on �. This transfers entanglement from qubits �þ � to qubitsAþ �.
Bob then uses the classical information on the measurement result of qubit � to act
on qubit �: if the outcome of Alice’s measurement is j1i�, Bob applies a NOT on
qubit � while he applies 1 if Alice detects j0i�. This gives the following state:

acj111iA�B þ adj110iA�B þ bcj001iA�B þ bdj000iA�B: ð2Þ

Now, Bob first applies a CNOT�B followed by a Hadamard transform on qubit � and
then detects its state. Depending on the measurement outcome, the state of Aþ B
is projected onto two different states. If Bob detects j0i�, the state of system Aþ B
is exactly what we expect from a CNOTAB applied on the initial state of the Aþ B
system. If, on the other hand, j1i� is detected Alice applies the Pauli �z operator to
qubit A, shifting the phase of j1iA by � and leaving j0iA unaltered. This gives the
desired output state

adj11iAB þ acj10iAB þ bcj01iAB þ bdj00iAB: ð3Þ

It is worth pointing out that the protocol works not only for the product input
states of Aþ B considered here but also for entangled input states.

With a minor change, the protocol can be modified to implement a non-local
CQPG defined in the computational basis of qubits A, B as

j00i ! j00i j01i ! ei�j01i j10i ! j10i j11i ! j11i: ð4Þ

Indeed it is enough to substitute the CNOT�B gate shown in figure 1 with a CQPG�B.
A straightforward calculation shows that the overall effect of such a modified
circuit is the desired CQPGAB.

3. Physical system
A schematic of the experimental set-up proposed in this paper is shown in

figure 2. Within each of the two spatially separated high-Q millimetre-wave
cavities a single Rydberg atom is trapped. The angular frequency of each cavity
mode is supposed to be nearly resonant with the transition frequency between two
Rydberg levels of the respective atom so that the atoms can be modelled as two-
level systems. Let us call jgi; jei respectively the ground and the excited atomic
state. Qubits A and B are encoded in the vacuum and one-photon state fj0i; j1igA
and fj0i; j1igB of the two cavity fields while the auxiliary qubits � and � are
encoded in the jgi, jei states of the two atoms. To be more specific, in what follows
we can consider the two circular levels of rubidium atoms with principal quantum
numbers 
e ¼ 50 (for the excited state jei) and 
g ¼ 49 (for the ground state jgi).1

We neglect here the hyperfine structure of the chosen atomic levels, which is
hardly resolved in a realistic experiment [14]. The jei $ jgi transition frequency is
�0 ’ 54GHz (wavelength �0 ’ 6mm). The radiative lifetime 
atom of these circular
levels of the Rydberg spectrum of rubidium is about 30ms [13] while, for Q ’ 108

and a cavity mode frequency � nearly resonant with �0, the field energy damping

1Circularity means that the angular quantum number of each considered level is
maximum: l ¼ �� 1.
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time 
field ranges from 1 up to 30ms [13]. Each cavity can be cooled by a
refrigerator in order to avoid blackbody radiation. The atom–cavity field coupling
factor, measured by the Rabi frequency �, can be as large as 105 s�1 so that we can
write 1=� � 
field; 
atom. This means that it is possible to observe coherent
interaction between atom and cavity field mode before the occurrence of
dissipative or decohering effects due to relaxation of the cavity fields or decay of
the atoms. Thus, in the following, we neglect any decoherence mechanism and the
dynamics of the whole atom–cavity mode system is governed by a Schrödinger
equation [13, 15]. In such a set-up the interaction of each two-level atom with a
single mode of the electromagnetic field is well described by the Jaynes–
Cummings Hamiltonian model [16]:

HJC ¼ 1
2
�hh!0�z þ �hh! ayaþ 1

2

� �
þ �hh� ay�� þ a�þ

� �
ð5Þ

where ay and a are the bosonic operators and ! ¼ 2�� the angular frequency of the
field mode; �þ ¼ �y� ¼ jeihgj, !0 ¼ 2��0 and �z ¼ ðjeihej � jgihgjÞ are the raising
atomic operator, the jei $ jgi angular frequency and the third Pauli operator
respectively.

In the Hilbert space H ¼ Hatom �Hfield, the state jg; 0i is an eigenstate of HJC

with energy Eg;0 ¼ ��hh�=2, where � ¼ !0 � ! is the atom–cavity mode detuning.
Apart from jg; 0i, the energy spectrum of the system is divided into manifolds,
essentially labelled by the number of photons in the cavity field n, each formed by
the unperturbed states fje; ni; jg; nþ 1ig (for n5 0). The diagonalization of HJC, in
each manifold with an assigned value of n, leads to the well-known dressed states:(

jVnþi ¼ cos ’nje; ni þ sin ’njg; nþ 1i

jVn�i ¼ � sin ’nje; ni þ cos ’njg; nþ 1i
ð6Þ

where tan 2’nð Þ ¼ ð2�
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
Þ=� [13]. The corresponding eigenenergies are:

E
ðnÞ
� ¼ �hh!ðnþ 1Þ � �hh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�=2Þ2 þ�2ðnþ 1Þ

q
: ð7Þ

Figure 2. Sketch of the experimental set-up for a non-local quantum computer

implemented in a CQED system. The atoms are trapped inside each cavity (atomic

traps are not shown). The external classical fields allow the manipulation of the atomic

states. We show a brief sketch of the apparatus we intend to use to create

entanglement between the atoms.
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By suitably varying the detuning � it is possible to couple–decouple the atom and
the cavity mode and to coherently mix the bare states, which in the following will
be used to encode quantum information. Assume for instance that at t ¼ 0 the state
of the system is jg; nþ 1i and that we suddenly switch � ¼ 0: the state will undergo
a Rabi flipping as

j ðtÞi ¼ cos �
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
t

� �
jg; nþ 1i � i sin �

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
t

� �
je; ni: ð8Þ

On the contrary, in the dispersive regime defined by �
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
� � the atom is

decoupled from the cavity and there is no coherent exchange of quantum
excitations between atom and field and quantum Rabi oscillations are absent.

We conclude this section by describing how an external classical field couples
with the dressed states. Suppose that an external pulse, sufficiently intense to be
considered a classical field, is switched on the atom inside the cavity. In [13], this
external source is a high-frequency Schottky diode, able to provide a quasi-
monochromatic field tunable between 40GHz and 300GHz (see [13] and
references within). The shape of the field is mathematically described by a
smooth function. In the electric dipole approximation, the Hamiltonian describing
the atom–external pulse interaction can be written as

HSðtÞ ¼ �hhgðtÞf�þ þ ��g ð9Þ

where gðtÞ is a function that includes the shape of the pulse and the atom-field
coupling coefficient [15]. It is straightforward to rewrite (9) in terms of dressed
states. One important point is that the external field couples dressed states belong
to adjacent manifolds only: HSðtÞ has non-null matrix elements just for dressed
states that satisfy 
n ¼ �1. This fact allows us to extract a simple 4� 4 block,
relative to the subspace spanned by jVn�1þ i; jVn�1� i; jVnþi; jV

n
�i

� �
, from the matrix

representing HSðtÞ:

H
ðnÞ
S ¼ �hhgðtÞ

0 0 cos’n sin’n�1 � sin’n sin’n�1

0 0 cos’n cos’n�1 � sin’n cos’n�1

cos’n sin’n�1 cos’n cos’n�1 0 0

� sin’n sin’n�1 � sin’n cos’n�1 0 0

0
BBB@

1
CCCA

ð10Þ

HSðtÞ sums to Hamiltonian HJC, which is diagonal in the dressed states basis,
and the Schrödinger equation for the time evolution of an arbitrary state
j�i ¼ aðtÞjVn�1þ i þ bðtÞjVn�1� i þ cðtÞjVnþi þ dðtÞjVn�i leads to a system of coupled
differential equations with time-dependent coefficients that, in general, is not
easy to solve. We will see that, under precise conditions on � and on the pulse
properties, some important approximations can be performed on these equations.
We will show how the interaction regimes described briefly above can be used for
the realization of a non-local CNOT.

4. Non-local CNOT
In this section we describe how to implement, in our CQED systems, the

optimal protocol for a non-local CNOT operation. In our scheme, the control qubit
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of the gate is encoded in the zero and one-photon states of a mode of the
electromagnetic field sustained by cavity A. Similarly, cavity B sustains the field
mode representing the target qubit. The initial state of modes A and B will be
prepared in

ðaj1i þ bj0iÞA � ðcj1i þ dj0iÞB: ð11Þ

We want to prove that the experimental scheme proposed is able to change this
state into

aj1iA � ðcj0i þ dj1iÞB þ bj0iA � ðcj1i þ dj0iÞB: ð12Þ

We give here the entire list of operations to implement the non-local CNOT,
leaving to the following subsections a detailed treatment of each one.

1. Trapping: the two-level atoms � and � should be trapped inside the
spatially separated microwave cavities.

2. Setting of the initial state of the register: using �-Rabi pulses, we
prepare the initial state of modes A and B and of atoms � and �.

3. Setting of the ebit: preparation of an entangled atomic state. We set
entanglement in the joint state of the trapped atoms letting � and � interact
directly with a previously prepared entangled single-photon state.

Even if the expression ‘single-photon state’ seems to be more appropriate
for the visible range of frequency, it will however be used, in what follows,
for millimetre-wave radiation too. In this case, we simply want to indicate
the state of a field with a single quantum of excitation whose energy,
measured in frequency units, falls into the microwave region of the radiation
spectrum.

4. Local CNOT cavity A! atom � and measurement of the state of atom
�: the gate is implemented driving, by an external laser pulse, a transition
between two specific levels of the dressed spectrum of atom �. The
measurement of the atomic state is made inducing cyclic transitions to a
third level and detecting the subsequent signal with a millimetre-wave
receiver.

5. Local CNOT atom �! cavity B: we realize this transformation with a two-
photon transition between two particular dressed states of atom � and using
a CNOT cavity B! atom �.

6. Hadamard transform on atom �: using �=2-pulses we create linear
combinations, with equal weights, of states jei� and jgi�.

4.1. Step 1: trapping the atoms inside the cavities
We need to trap each atom inside its respective cavity for a time sufficient to

perform every step required by the protocol for a non-local CNOT. Furthermore,
the trapping volume should be as small as possible to pledge a strong atom–cavity
field coupling.

These features, long trapping time and small volumes, are usually typical of a
far off resonance trap (FORT) [17]. This is realized by a very focused laser beam of
frequency tuned below the atomic resonance [18]. In these conditions the dipole
force confines the atom in a potential well. Cooling is obtained by means of the
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scattering force furnished by optical molasses [19]. This mixture of dipole and
scattering force characterizes this trap as a hybrid one [18].

Using a FORT to confine neutral atoms is a common practice in the optical
domain and enables trapping times of hundreds of seconds, in a high vacuum
environment [20]. Recently, trapping a single atom in a cavity using magneto-optic
traps (MOT) [18] and a FORT has been proved [21]. The trapping times can be
improved if a cryostat is used [20].

In the microwave range of frequencies, on the other hand, the work by
Spreeuw et al. [22] proved experimentally the possibility of combining an MOT
and a microwave cavity. A MOT and a system of optical molasses are used to load
a microwave cavity with an ensemble of alkali atoms. The minimum of the MOT
trapping potential is located in the centre of the cavity and the temperature of
the atoms is maintained, by the optical molasses, between 3 and 5 mK [22]. Even if
the experiment has been performed with a large number of atoms, it gives insight
into the realistic mixing of microwave cavities and conventional optical trapping
techniques (furthermore, an alternative trapping scheme that uses microwaves and
an external static magnetic field as a trap for neutral atoms has been addressed both
theoretically and experimentally [22, 23]).

The recent rapid improvement of the technique of atomic trapping and the
increase in the control of microwave resonators, allow one to consider the scenario
proposed as not far from practical realization. Particularly promising, in this
context, are the recently developed techniques for the realization of arrays of
single, selectively addressable dipole traps that, because of their very reduced
dimensions, could be implanted directly inside the cavity without spoiling its
Q quality factor too much [24].

4.2. Step 2: preparation of the distributed register
The value of detuning � ¼ 0 can be controlled by means of the so-called Stark

switching technique that uses an external electric field applied to the atom [25].
If the atom has no permanent electric dipole moment, the Stark effect will be
quadratic in the electric field amplitude [26]. This induces a relative shift in the
atom’s energy spectrum between states jei and jgi so that the transition frequency
changes from !0 to another frequency !

0
0. The cavity mode frequency, on the other

hand, will remain unchanged. The width and amplitude of the Stark field pulses
can be controlled with high accuracy, allowing very precise control of the atomic
level separation [25]. Choosing the amplitude of the Stark field in such a way
that !0

0 � !� 2�
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
, we are able to decouple the atom from the cavity field.

In such a dispersive regime it is possible to change the atomic state without
modifying the cavity mode population by means of an external electromagnetic
field, resonant at the new transition frequency !0

0. It is therefore possible to
prepare qubit � (�) in ~aajei� þ ~bbjgi� (~ccjei� þ ~ddjgi�).

The coefficients of these linear combinations can be set fixing the width of each
pulse. If the cavities are initially prepared in j0iA � j0iB (a procedure to obtain such
initial states for the cavities is suggested in [27]) the joint system AþBþ �þ � will
be described by the tensor product state:

j’i ¼ ð ~aajei þ ~bbjgiÞ� � ð~ccjei þ ~ddjgiÞ� � j00iAB: ð13Þ
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By switching the detuning to its value � ¼ 0 a coherent exchange of quantum
excitations between each atom and the relative cavity field takes place. If we leave
them to interact resonantly for a time t ¼ �=ð2�Þ (�-Rabi pulse) we obtain a
complete inversion between states j0ei and j1gi for each atom þ cavity system (see
section 3). State j0gi, in contrast, being an eigenstate ofHJC, is not modified by the
resonant interaction. The operations described above, based on the atom–cavity
mode local resonant interaction, can be realized with high accuracy [13]. The effect
of the �-pulses is to change j’i��AB into:

jgi� � jgi� � j’iniA � j’iniB ¼ jgi� � jgi� � ðaj1i þ bj0iÞA � ðcj1i þ dj0iÞB: ð14Þ

We have created initial states of the cavity modes which are coherent super-
positions of Fock states with zero and one photon. The state for atoms �þ � is, at
this moment, jgi� � jgi�: we will further manipulate it, in the next step of the
scheme, to prepare the required ebit.

4.3. Step 3: preparation of the atomic ebit
In the scheme proposed, the trapped atoms � and � encode an ebit, the

quantum resource to the non-local implementation of the CNOTAB. The state could
be prepared by letting the atoms interact with a pair of external microwave fields
previously prepared in the maximally entangled state:

j þi ¼
1ffiffiffi
2

p ðj01i þ j10iÞ: ð15Þ

A possible way to get this state of radiation is using a photon gun, a device which
is able to generate single photon wavepackets on demand, in a nearly deterministic
way. There are many proposals for single-photon sources: semiconductor
quantum dots, one-photon emission by isolated molecules, stimulated adiabatic
rapid passages of neutral atoms strongly coupled to a resonator or strongly
attenuated beams [28]. In this attenuation scheme, a pulsed laser field is simply
attenuated with density filters, until there is on average a fraction of a photon per
pulse [29]. The technique should be feasible and can be accomplished even at the
range of wavelengths relevant to our set-up. The pulse can then be sent to a 50 : 50
beamsplitter (BS), whose second input is the vacuum field. The effect of the BS is
to mix the two input fields. By properly setting the relative phase between the
output fields by means of a phase shifter, the joint output state is the maximally
entangled state written in equation (15) [30].

Another possible scheme for the generation of single-photon states of radiation
is based on the no-pass scheme of Hong and Mandel [31]: via a process of sponta-
neous parametric down conversion (SPDC) [32], a signal and an idler photon are
simultaneously generated (within an incertitude of 100 ps [31]). The two emitted
photons are entangled in momentum [33] and if one of them is detected, at some
position and within a temporal window T, then we are sure that there is a
conjugate idler photon, in the corresponding position and inside the same window.
Thus, if by means of a photon-counting apparatus a single photon is detected in the
signal, the idler is istantaneously prepared in a single-photon state. Furthermore,
the experiment performed by Hong and Mandel has shown that the probability
that more than just one signal photon is generated by the SPDC is negligible with
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respect to that of a single-photon generation. This procedure is thus able to create,
with good accuracy, a single-photon state of radiation that can, then, be sent to the
same BS described above in order to realize state (15).

The next step we have to perform to obtain an entangled atomic state is the
direct interaction of the trapped atoms � and � with j þi. The entangled photons
prepared are sent to the atoms (via suitable designed waveguides directly coupled
to the cavities A and B, for example). In each cavity–atom subsystem, a dispersive
regime of interaction should be set, so that the atom dynamics is decoupled from
that of the cavity.

If the spectrum of each light pulse is sufficiently narrow and centred at a
frequency resonant to the atomic transition jgi $ jei, it is possible to show that
setting the interaction time in order to realize a �-pulse, the following trans-
formation can be realized:

jgi� � jgi� !
1ffiffiffi
2

p ðjegi þ jgeiÞ��: ð16Þ

However, these two techniques are not immune to problems. In the case of the
attenuated beam, at such a low intensity level, it is not possible to be sure there is a
photon. There is always the possibility of getting an empty pulse or a two-photon
pulse. In the latter case, even if the procedure described is able to generate atomic
entanglement, the state obtained is not of the form needed. As we have seen,
precise control of the area of the pulse is required in order to accomplish exactly
the required atomic evolution.

On the other hand, the Hong and Mandel scheme presents some difficulties for
the microwave range of frequencies because it is based on a SPDC process. The
generation efficiency of the couple of conjugate photons, in a downconversion
process, is very low (a rough but, for our purposes, sufficient semiclassical
approach to the theory of SPDC shows that it is directly proportional to the fourth
power of the pump beam frequency !4

p). Typically, optical frequency beams are
used as pumps for SPDC (ultraviolet in [31]) and this gives a rate of generation of
downconverted photons of the order of 10�10 s�1. For microwave frequencies the
rate of downconversion is dramatically smaller than this value and makes the
scheme useless as a photon gun. Further, technical difficulties, in the microwave
case, have to be managed. The crystal used for the generation of signal and idler,
for example, has to be almost transparent to the frequency of both the pump and
the downconverted fields. Finding an appropriate candidate for a pump that falls
in the microwave range is a non-trivial task.

A deterministic source of one-photon states has been theoretically proposed
and, recently, experimentally demonstrated in the microwave range of frequen-
cies [35]: it is based on the interaction of a beam of Rydberg atoms with a field
mode of a very high-Q microwave cavity (in the experiment Q � 1010).
Unfortunately, the enormous Q value of the cavity used in [35] prevents
significant leakage of the field from the cavity itself and, thus, the scheme does
not produce any exploitable output beam.

The recently developed techniques is to store the quantum state of a field in a
macroscopic atomic ensemble, that exibits electromagnetically induced transpar-
ency (EIT) [36] which could represent a possible solution to the problem
represented by the production of a microwave single-photon state. Assume that
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the preparation of a one-photon state of an optical pulse, as experimentally done in
[31], is followed by a storage step in an optically thick medium made by three-level
atoms in a � configuration [36]. For the notation of the following discussion, refer
to figure 3. If the field E2, with wavevector k2, is slowly turned off while E1

(wavevector k1) interacts with the atomic medium, the quantum information about
the amplitude, shape and phase of the latter is transferred to the coherences
established between the two ground (metastable) states of the atomic model. To
recover the information stored, a reading pulse is necessary. If a field E3 is shined
on the ensemble, the new electromagnetic field E4, with a wavevector k4 that
satisfies the phase matching condition k1 þ k2 ¼ k3 þ k4, is generated by means of a
process of forward four-wave mixing [37]. Properly choosing the values for the
angular frequencies !j ¼ ckj ð j ¼ 1; 3Þ, the generated field can fall in the
microwave range [38].

4.4. Step 4: local CNOT A ! � and measurement of the state of atom �
The theoretical protocol requires a CNOT having cavity A as control and atom �

as target. Since this unitary operation involves just one cavity and the respective
trapped atom, we refer to CNOTA� as a local transformation to distinguish it
from the non-local one we want to perform between cavity A and cavity B.
The computational basis for the CNOTA� is fj0gi; j0ei; j1gi; j1eigA� and the set of
transformations we should realize is:

j0giA� ! j0giA� j0eiA� ! j0eiA�

j1giA� ! j1eiA� j1eiA� ! j1giA�:
ð17Þ

According to this set of transformations, the state prepared during Step 3:

j�i ¼
1ffiffiffi
2

p ðjegi þ jgeiÞ�� ðaj1i þ bj0iÞA ðcj1i þ dj0iÞB ð18Þ

has to be changed into:

CNOTA�j�i ¼
1ffiffiffi
2

p aj1iA ðjggi þ jeeiÞ�� þ bj0iAðjegi þ jgeiÞ��
� �

ðcj1i þ dj0iÞB: ð19Þ

Figure 3. Scheme of the atomic levels for the generation of a microwave field by means of

a four-wave mixing process. If E2 is slowly turned off while E1 enters an optically

thick medium, the quantum information carried by E1 is stored in the coherences

established between the ground, metastable states of the atomic model. If the reading

field E3 is then turned on, for properly chosen values of its frequency, a fourth field, in

the microwave range of frequencies, can be generated.
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Expressions (17) and (19) show that, while the atomic state can modify its state,
the cavity mode population does not change: this means that a resonant coupling
betweenA and � cannot be used to implement the gate. Resonant Rabi oscillations,
indeed, preserve the total number of excitations while the last two transformations
in (17) do not. We need a dispersive atom–cavity field interaction; the atomic state
will be manipulated by an external electromagnetic field. If the external field is
resonant with a field mode sustained by the cavity but different from the relevant
one used to codify the cavity qubit, it can enter the resonator without feeding this
latter mode (for example we can choose two orthogonally polarized field modes: in
[13] two orthogonally polarized transverse modes, with a spacing in frequency of
70 kHz, sustained by a millimetre-wave cavity are considered). Using the Stark
switching technique, the trapped atom can then interact with the external field,
being decoupled with respect to the relevant cavity mode, for a controlled amount
of time.

The Stark field can be set to change the separation between levels jei� and jgi�
and to obtain a value of � that allows one to write � � �. In such a condition, from
equation (6), it results that jVnþi ’ jn; ei; jVn�i ’ jnþ 1; gi. Therefore, if using an
appropriate external pulse we can induce a complete inversion of population bet-
ween jV1

þi and jV 0
�i, we mutually exchange j1ei and j1giwithout involving the other

dressed states, jV 0
þi ’ j0ei and jV1

�i ’ j2gi. The only approximative identification of
the bare basis elements with the corresponding dressed states in the limit of large
detuning has only a very small effect on the fidelity of the gate, as we show below.

Since we want the interaction of atom � with an external pulse, we use results
obtained in 3: the dressed manifolds involved in the transition jV1

þi $ jV 0
�i are

those with n ¼ 0 and n ¼ 1 (therefore satisfying condition 
n ¼ �1). We give an
explicit expression for H

ð1Þ
S ðtÞ expanding each matrix element in Taylor series, to

second order in �=�:

H
ð1Þ
S

�hh
¼ gðtÞ

0 0
�

�
�

ffiffiffi
2

p �2

�2

0 0 1�
3

2

�2

�2

� �
�

ffiffiffi
2

p �

�

�

�
1�

3

2

�2

�2

� �
0 0

�
ffiffiffi
2

p �2

�2
�

ffiffiffi
2

p �

�
0 0

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

ð20Þ

We deduce that if the experimental parameters are such that � � �, the matrix
elements belonging to the central 2� 2 block in H

ð1Þ
S predominates over all the

others. We choose gðtÞ so that gðtÞ ¼ pðtÞ cos ð!StÞ, with pðtÞ a smooth function
describing the envelope shape of the pulse shined on the trapped atom. We set !S
equal to the transition frequency for jV1

þi $ jV 0
�i:

!S ¼
E1
þ � E 0

�

�hh
: ð21Þ

With suitable choice of the pulse duration, the right inversion of population can
be obtained. In particular, it has to be

R t
pðt0Þ dt0 ¼ � (we refer to this case as to a

� pulse). Any spurious phase factor can be adjusted by setting an appropriate phase
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in function gðtÞ or using appropriate Stark field and, in what follows, we do not
care about it [15]. Achievable coupling strength for the atom–external field
interaction as large as 20� kHz and interaction times of about 50 ms allow to get a
complete � pulse.

The effect of a finite, non-null, value of the ratio �=� on the state that we
instead obtain, can be seen if we propagate j�i by means of the unitary operator
that is generated by the Hermitian interaction Hamiltonian H

ð1Þ
S ðtÞ. We assume

x ¼ �=� ¼ 0:1, a value that allows for the approximations discussed above and for
the discrimination between the frequencies of the different transitions involved;
retaining just the terms up to second order in �=�, we get an approximate
expression for the evolved state of the system j ~��i. This expression is useful in order
to find the fidelity of the local CNOT operation we are performing.

The definition of the fidelity function, in this case, reads F ¼ jh�jCNOTA�j ~��ij
2

[7] and assuming for simplicity a ¼ b ¼ 1=
ffiffiffi
2

p
, it is possible to show that:

FðxÞ ¼
1

4
1þ sin

�

2
1�

3

2
x2

� �� �� �2

þ 0:003x2: ð22Þ

Notice that, as �=�! 0, the fidelity reaches F ¼ 1, which shows perfect overlap
between the state we need and the one we obtain manipulating the atomic qubit by
an external field (figure 4).

The state of the system at the end of Step 3 becomes:

1ffiffiffi
2

p jgi� � �iaj1gi þ bj0eið ÞA�� j’iniB þ
1ffiffiffi
2

p jei� � �iaj1ei þ bj0gið ÞA��j’iniB:

ð23Þ

We now measure the state of atom � on the bare eigenstate basis jei; jgif g�.
We enlarge the Hilbert space of the atom introducing a third energy level, jmi�,
whose parity is opposite to that of jei�. For example, we can take the Rydberg level
with principal quantum number 
m ¼ 51. In this case the jei� $ jmi� frequency is
about �m ’ 51:1GHz [13]. An external microwave field couples jei� to jmi�. If the
state of � is jei�, the external field induces cyclic transitions between these states but,
if atom � is in jgi�, because of the large frequency mismatch, we do not detect any

Figure 4. Plot of the fidelity function F of the local CNOTA� operation as a function of the

ratio x ¼ �=� and for a ¼ b ¼ 1=
ffiffiffi
2

p
. As is shown, for values of x that range from 0 to

0.1, the gate can be performed with very high accuracy. The high fidelity of the gate is

maintained even for different choices of a and b.

2086 M. Paternostro et al.



signal. If jmi� corresponds to a low angular quantum number, the emission time of
the atom falls in the ms range [13, 39]. The radiation emitted by the cycling atom can
be collected by a millimetre-wave receiver [39]. This is, essentially, a Schottky diode
detector that mixes the signal to be measured with a local reference microwave field
to perform a heterodyne measurement of the signal. The response time of the device
is short enough not to represent a limitation for our purposes. This detection
technique has been successfully used in the context of micromaser spectroscopy to
directly infer the radiation of a millimetre-wave field inside a cavity [13, 39].

Depending on the state of atom � at the end of the measurement process, system
Aþ �þ B is projected onto states which differ just for the state of atom �. In order
to obtain the right final state at the end of the protocol for the non-local CNOTAB, if
the atomic state detection gives jgi�, we should change nothing in subsystem Bþ �.
If the output of the measurement is jei�, a NOT is required for qubit �.

To obtain it we essentially need the same kind of transformations introduced
in the last step: j1eiB� ! j1giB� and j0giB� ! j0eiB�. They can be realized by
applying �-pulses for transitions between suitable dressed states of the atom � in a
dispersive regime of interaction. In any case, with a fidelity that approaches 100%,
the system Aþ �þB can be set in �iaj1gi þ bj0eið ÞA�� j’iniB apart from a global
phase factor. For simplicity, in the following, we assume we have detected jgi�.

4.5. Step 5: local CNOT � ! B
The next step is the implementation of a local CNOT�B. The atomic qubit � is

now the control of the gate. To get the right final state for the non-local CNOTAB,
the set of transformations to realize is the following:

jg0i�B ! jg1i�B jg1i�B ! jg0i�B

je0i�B ! je0i�B je1i�B ! je1i�B:
ð24Þ

It is clear that, in (24), we have jgi � j1i and jei � j0i.
In this subsection we show how to realize these transformations using the two-

photon transition jg0i�B $ jV1
þi�B and a CNOTB�.

We need such a different strategy because an approach similar to that used for
the CNOTA� will lead us to some inconsistencies. In effect, using the same logic
scheme used to implement Step 4, a procedure to get transitions (24) could be the
following. We induce a �-pulse between jg0i�B and jV0

�i�B. State jV0
�i�B, for

� � �, is in practice the bare state jg1i�B but, for the selection rules relative to
electric dipole transitions [26], transition jg0i�B $ jg1i�B is strictly forbidden.
Since jV0

�i�B has a small contribution from je0i�B [15], transition jV0
�i�B $ jg0i

can be realized. Using the same procedure as in previous sections we can obtain the
matrix representation of the Hamiltonian HSðtÞ for the interaction of the dressed
atom � with the external pulse driving the required transition. On the ordered
dressed basis fjg0i�B; jV

0
�i�B; jV

0
þi�Bg, we have

H
ð0Þ
S ðtÞ ¼ �hhgðtÞ

0 �
�

�
1�

1

2

�2

�2

� �

�
�

�
0 0

1�
1

2

�2

�2

� �
0 0

0
BBBBBBB@

1
CCCCCCCA
: ð25Þ
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Here, the biggest matrix elements are those that connect jg0i�B to jV 0
þi�B and

vice versa. For � � �, jV 0
þi�B is essentially identified with je0i�B.

2 On the contrary,
the probability of a transition jg0i�B $ jV 0

�i�B is directly proportional to �=�.
However, since we want � � �, we need a different procedure.

We now proceed mapping the CNOT�B into a sequence of three operations: two
SWAP and a CNOTB� (figure 5).

It is straightforward to prove that the sequence ðSWAPÞ ðCNOTABÞ ðSWAPÞ is
equivalent to CNOTBA. Since we have already seen an efficient way to implement a
CNOT for the cavity qubit as control and the atomic one as target, we now describe a
possible procedure to accomplish a SWAP operation in a CQED system.

By the action of the SWAP gate, a transitions occurs between jg0i�B and je1i�B.
For an external Stark field satisfying � � �, the dressed state jV1

þiB� is equal to
j1eiB� as can be deduced from equation (6). Inducing jV1

þiB� $ j0giB� we can get
what we want. Nevertheless, these dressed states belong to dressed manifolds
which differ for two quantum excitations and that cannot be connected by a single-
photon transition. This means that we should go to the second order in the coupling
coefficient, realizing a two-photon transition. We choose it to be degenerate: this
means that the photons involved in this second-order process have the same energy
�hh!L ¼ 1

2
ðE

ð1Þ
þ � E0gÞ, where the external field has frequency !L [40].

The second-order transition jV1
þiB� $ j0giB� occurs via virtual transitions

towards the intermediary states jV 0
�iB�. In effect, because of the structure of the

energy spectrum of the dressed atom, these states have energies which are very
close to the middle energy between j0giB� and jV1

þiB�. However, the transitions are
not resonant, so that the probability that the system can accomplish an effective
transition to jV 0

�iB� is negligible. This qualifies jV 0
�iB� as virtual states.

We model the external field as a linearly polarized pulse of Gaussian
envelope:

EðtÞ ¼ E0 e
�t2=
2 cos ð!LtÞ: ð26Þ

The electric dipole interaction gives rise to the following interaction Hamiltonian:

HLðtÞ ¼ �hh�0 e�t
2=
2þi!Ltjgihej þ h:c:

n o
ð27Þ

where �0 is the atom–field coupling coefficient and RWA has been used. The
probability amplitude that the system, initially in j0giB�, is found at time t in
jV1

þiB� can be calculated using the following expression, directly derived from

2 This explains how to realize an efficient �-pulse that could exchange j0giB� and j0eiB�
as required, on the state of system AþBþ �, after a measurement having jei� as output.

Figure 5. A CNOTBA gate can be simulated using the sequence of operations

ðSWAPÞ ðCNOTABÞ ðSWAPÞ.
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second-order perturbation theory [41, 42]:

1

�hh2

X
j¼�;þ

Z t

�1

dt00hV1
þjHLðt

00ÞjV 0
j ie

i=�hh E
ð1Þ
þ �E

ð0Þ
j

� �
t00

�

�

Z t00

�1

dt0hV 0
j jHLðt

0Þj0giei=�hh E
ð0Þ
j
�E0g

� �
t0
�

ð28Þ

(with t00 > t0). Explicit evaluation of this expression, with numerical values
� � 105 Hz, � � 1MHz, 
 � 20 ms, �0 � 105 Hz and for t ¼ 3
 leads to a transition
probability equal to 0.47. The value of � satisfies the condition �� !; !0 because,
for a millimetre-wave cavity, the value of ! falls in the range 10 to 100GHz while a
typical value for !0, for values of the principal quantum number 
 ’ 50, is 50 GHz
[13]. Having �0 ’ �0 ensures the observability of multiphoton transitions.

Since the explicit calculation for the j1eiB� ! j0giB� case leads, with the same
numerical values of the previous case, to the same probability of transition, our
map of a CNOT�B is valid for each initial state of the system �þ B. Ideally, we are
able to implement a CNOT�B using just SWAP operations and CNOTcavity�atom. In
order to evaluate the fidelity of the local CNOT�B, we have to perform essentially the
same kind of calculation described in Step 4 for the case of the local CNOTA� gate.
We found that, at the end of the operations, the state of the system AþBþ � is
projected onto

iajgi� � j1iA � NOTj’iniB
� �

þ bj0iA � jei� � j’iniB ð29Þ

with a fidelity 0:54, for c ¼ d ¼ 1=
ffiffiffi
2

p
and after an average over all the possible

initial configurations of the system Bþ �. This low value of the fidelity of the gate
is essentially due to the non-ideality of the two-photon transition and represents
the major theoretical limitation to the efficiency of the proposed implementation.

4.6. Step 6: Hadamard transform on atom �
We now need a Hadamard transform on qubit �. This can be realized in a

CQED system by a dispersive regime of atom–cavity field interaction. In effect,
setting a very large detuning (leaving the eigenstates of the atom � almost bare) and
shining a driving external pulse on � for a time such that a �=2-pulse is realized
between jeji and jgji ( j ¼ 0; 1), we obtain the following transitions:

jgji !
1ffiffiffi
2

p jgji � ijejif g

jeji !
1ffiffiffi
2

p jeji � ijgjif g:

ð30Þ

We have, in practice, a Hadamard transform generalized by a relative phase
factor that is not a problem for our scheme: using relations (30) in the state
obtained at the end of Step 5, we have

iffiffiffi
2

p jgi� � aj1i � ðNOTj’iniÞ � bj0i � j’ini
� �

AB
þ

1ffiffiffi
2

p jei� � aj1i � ðNOTj’iniÞ
�

þbj0i � j’ini
�
AB
:

ð31Þ
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If the measurement outcome of the atom � is jei�, system Aþ B is projected
onto a state that shows the action of the CNOTAB gate. An ulterior manipulation is
required if the measurement outcome is jgi�. In this case, if we want to correct the
�1 relative phase factor that appears in the AþB state we perform a 2� resonant
Rabi pulse in the subsystem Aþ � (recall that the measurement process is a non-
demolition one and that atom � can always be forced to occupy state jgi�, as
assumed all along in our discussion).

This closes the scheme for a non-local CNOT between two spatially separated
cavity modes.

5. Non-local �-CQPG
In this section we describe a procedure for the physical implementation of a

non-local controlled quantum phase gate with � ¼ �. This is a very important task
to accomplish because the set of quantum gates that comprehends controlled
quantum phase gate and single qubit rotations is adequate for quantum
computation. Our goal is to show that the experimental set-up proposed in this
paper is sufficiently flexible to permit, with slight modifications operated in Step 5
of the previous protocol, its feasible realization. As before, the computational
register is formed by the two spatially separated cavity modes A and B while the
atoms � and � encode two ancillary qubits whose joint state constitutes an ebit.

We assume that the initial state for system Aþ B has been prepared as in
equation (11). Moreover, we assume to have a maximally entangled atomic ebit.
We want to show how to transform state j’iniA � j’iniB into

acj11iAB þ adj10iAB þ bcj01iAB � bdj00iAB: ð32Þ

The experimental scheme for the non-local �-CQPG is identical, until Step 4, to
that for the non-local CNOTAB. This means that, at the end of Step 4, having
performed the local CNOTA� and measured the state of atom �, the state of system
Aþ Bþ � is projected onto

�iacj1g1i � iadj1g0i þ bcj0e1i þ bdj0e0ið ÞA�B ð33Þ

while atom � is assumed to be in jgi�.
We modify the previous scheme replacing Step 5 with the following to perform

a �-CQPG on system �þ B. We adopt the following map of the CQPG:

je0i ! je0i je1i ! �je1i

jg0i ! jg0i jg1i ! jg1i:
ð34Þ

This set of transformation is obtained by extending the atomic model to com-
prehend a third energy level. We introduce state jii� whose parity is opposite to
that of jei�. For example, as we did above, a possible choice for the atomic levels
can be jii $ 
i ¼ 51, jei $ 
e ¼ 50, jgi $ 
g ¼ 49.

If we set the cavity mode B resonant to jei $ jii the cavity field results out of
resonance with jgi $ jei and transitions at this frequency are strongly suppressed.
Thus, setting resonance between atom � and cavity mode B for a time sufficient to
realize a 2�-Rabi pulse between je1i�B and ji0i�B, state je1i�B will acquire a �1
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phase factor [15, 43] . The phases of the other states that appear in (33) are not
modified: the phases of jg0i�B and jg1i�B are unchanged because of the frequency
mismatch while that of je0i does not change because it is an eigenstate of the
Jaynes–Cummings Hamiltonian in the bidimensional Hilbert space spanned by
jei; jiif g�. We are, thus, able to perform transformations (34) and the state in
equation (33) changes into:

iajgi� � cj11i þ dj10ið ÞABþ bjei� � cj01i � dj00ið ÞAB ð35Þ

apart from a global phase factor.
Now, we need the set of transformations, on the system �þ B, defined in Step 6

of the previous protocol. This gives the final state:

ijgi� � acj11i þ adj10i � bcj01i þ bdj00ið ÞABþ jei� � acj11i þ adj10ið

þbcj01i � bdj00iÞAB:
ð36Þ

If the measurement outcome of atom � is jei�, the joint state of the two cavities
is such that the action of the �-CQPG on qubits A and B is evident. If the outcome
of the measurement is jgi�, we apply a 2�-Rabi pulse for transition jg1i�A $ je0i�A
on system �þA. Notice that, in order to realize the local quantum phase gate of
the protocol, simple resonant Rabi oscillation in a atom–cavity system is required.

We have proposed a non-local �-CQPG between spatially separated cavities.
Implementing a non-local CQPG is an important result, in quantum distributed
computation, since it can help us in improving the efficiency of the non-local CNOT.
The non-ideality of Step 5 of the scheme for the CNOTAB strongly limits the
efficiency of the gate. Since a CNOT operation can be simulated using a Hadamard
transform on the target qubit followed by a �-CQPG, and the efficiency of
implementation of a non-local �-CQPG is evidently better than that of the CNOT, the
reliability of the non-local gate can be significantly improved.

In this case, however, the time needed to accomplish the entire non-local CNOT
can represent a problem. The realization of a Hadamard transform of the cavity
field requires a map of the quantum state of the field onto the relative ancillary
(atomic) qubit. The performance of a Hadamard transform on the latter and,
eventually, a map of the transformed state back onto the cavity qubit. This
increases the time necessary to accomplish the non-local CNOTAB and the number
of local transformations involved.

6. Conclusions
In this paper we have proposed a CQED set-up for the implementation of a

non-local CNOT and a non-local �-CQPG. According to the optimal theoretical
protocols described in [5], our experimental schemes use just two bits of classical
communication and a single ebit, shared by the two parties.

The computational register in the proposed set-up is formed by two spatially
separated microwave cavities while the required ebit is encoded in the entangled
state of two Rydberg atoms.

For the case of the non-local CNOT, we have analysed in full detail the
theoretical procedures and the experimental requirements needed to implement
the gate in our CQED system. Our analysis has shown that some practical
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problems have to be taken into consideration in the proposed experimental
scenario.

In particular, some difficulties arise connected with the low efficiency of the
currently available sources of single-photon states operating in microwaves. On the
other hand, while a local CNOT cavity! atom can be efficiently realized via a
controlled interaction of the atom with an external field, the practical
implementation of a CNOT atom! cavity is basically an inefficient operation.
This low efficiency is due to the fact that the realization of this local gate passes
through an atomic transition that is forbidden by the electric dipole transition
selection rules. To circumvent this problem, we have proposed to set an externally
driven two-photon transition between two suitably chosen states of the dressed
atom eigenspectrum. With this solution, we have found a significant improvement
of the fidelity of the gate. We want to stress that the difficulties discussed are just
related to the current state of the art: once these realizative prolems will be solved,
our experimental proposal will certainly acquire practical reliability.

The versatility of the proposed set-up has been shown describing how to
modify the protocol for a non-local CNOT to get a non-local �-CQPG. The reali-
zation of this gate is based on atom–external field interactions of the kind used to
implement a CNOT cavity! atom and on resonant atom–cavity mode interactions.
Because of the intrinsic high reliability of these operations, we have found that this
non-local gate can be implemented in an efficient way.

Despite the difficulties encountered, the proposed set-up gives some insight
into the fundamental research of possible architectures for a quantum computer to
be able to manage large computational registers.
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