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Abstract. We suggest an experimentally realizable scheme to test entanglement of a
mixed Gaussian continuous variable state. We find that the entanglement condition
is simplified for the family of Gaussian states which are relevant to experimental re-
alization. The entanglement condition is then shown to be directly related to joint
homodyne measurements. We show how robust the proposed test of entanglement is
against imperfect detection efficiency.
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In the current development of quantum information processing, entanglement, which
is quantum correlation between particles, plays a critical role. Recently, the generation,
manipulation and application of continuous-variable entangled states have been extensively
studied [1, 2] mainly for Gaussian states. It is because the Gaussian continuous variables
are extremely similar to qubit systems in theoretical treatment and they are the continuous-
variable states that can be realized in a laboratory.

A state is said to be entangled when it is not separable. A Gaussian continuous-variable
state is separable if and only if the partial transpose of its density matrix is non-negative
[3]. This condition is equivalent to the possibility of imposing a positive well-defined P
function to the state after local unitary operations [4]. In this paper, we show that the
entanglement condition is simplified for a family of Gaussian states which are more relevant
to experimental realization. We then suggest a scheme to test entanglement using joint
homodyne measurements.

A two-mode Gaussian state is represented by a Gaussian Weyl characteristic function

C(x) = exp(−1

2
xVxT ) (1)

where x = (q1, p1, q2, p2), xT is the transpose matrix of x and V is the quadrature matrix
defined as 2〈{xi, xj}〉. The quadrature variables qi and pi for mode i(= 1, 2) correspond

respectively to quadrature operators q̂i = (âi + â†i )/
√
2 and p̂i = i(âi − â†i )/

√
2 where âi

and â†i are bosonic operators. The quadrature matrix can in fact be written using 2 block
matrices L1 and L2 for local quadrature variables and C and its transpose CT representing

Wigner Centennial Conference
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inter-mode correlation,

V =

(

L1 C

CT L2

)

. (2)

Lemma 1. — If the block matrices L1 = L2 and C are diagonal, i.e., the quadrature
matrix of a Gaussian continuous-variable state has the following form:

V0 =









n1 0 c1 0
0 n2 0 c2
c1 0 n1 0
0 c2 0 n2









(3)

where n1 or n2 may be smaller than the vacuum limit 1. The state is separable if and only
if

δ1δ2 ≥ 1 (4)

where δi = ni − |ci| for i = 1, 2.
Proof — By local unitary squeezing operations, the matrix (3) is transformed into

V1 =









n 0 c 0
0 n 0 c′

c 0 n 0
0 c′ 0 n









(5)

where n =
√
n1n2, c = c1

√

n2/n1 and c′ = c2
√

n1/n2. The factor n is directly related to
the uncertainty principle to satisfy n ≥ 1. For the state with the quadrature matrix (5),
Simon’s separability criterion [3] reads

(n2 − c2)(n2 − c′2) ≥ 2n2 + 2|cc′| − 1. (6)

Define the average and the difference of the correlation factors, |c| and |c′|: ca = (|c|+ |c′|)/2
and cd = (|c| − |c′|)/2. Using the new parameters ca and cd, Simon’s criterion (6) can be
written as

[(n− ca)
2 − (1 + c2d)][(n+ ca)

2 − (1 + c2d)] ≥ 0 (7)

where [(n + ca)
2 − (1 + c2d)] is positive unless n = 1 and c = c′ = 0 when it becomes zero.

The separability condition is satisfied if and only if

(n− ca)
2 − (1 + c2d) ≥ 0⇔ (n− |c|)(n− |c′|) ≥ 1. (8)

With use of the definitions of n, c and c′ for the inequality in the right-hand side of the
arrow we obtain the separability condition in Eq. (4).

Recalling the definition of the quadrature matrix, the separability criterion (4) can be
written as

(〈q21〉+ 〈q22〉 − 2|〈q1q2〉|)(〈p2
1〉+ 〈p2

1〉 − 2|〈p1p2〉|)
≥ (〈q21〉+ 〈q22〉 − 2|〈q1q2〉|)0(〈p2

1〉+ 〈p2
1〉 − 2|〈p1p2〉|)0

(9)
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where 〈X〉0 denotes mean value of X for the vacuum. The right-hand side of the inequality
is 1, which can be easily seen by substituting n̄ = 0 and s = 0 into (18). We have found
that the entanglement of a Gaussian field in the form (3) can be tested by comparing the
quadrature correlation of the field with that of the vacuum as shown in Eq. (9).

What is the relevance of the quadrature matrix given in (3) to our study of entanglement
for continuous variables? Among many possible ways to produce Gaussian entangled states,
two methods are experimentally more relevant: One is to use a non-degenerated parametric
amplifier (NOPA) to produce a two-mode squeezed state [1] and the other is to use a beam
splitter as an entangler [2, 5].

Let us consider the entanglement of the output field from a beam splitter when two
independent Gaussian fields are incident on it. The logical definition of the density operator
ρ̂s for a single-mode continuous-variable Gaussian state is [6]

ρ̂s = N exp(−jâ†â− 1

2
lâ†2 − 1

2
l∗â2) (10)

where N is a normalization factor (throughout the paper the normalization factor is gener-
ally denoted by N even though the detailed forms may differ.). When l = 0 and j = h̄ω/kT ,
where k is the Boltzmann constant, the density operator (10) represents a thermal state of
temperature T . It is straightforward to show that the general Gaussian state (10) may
be transformed into a thermal state by the unitary single-mode squeezing operator [7],
Ŝ(ζ) = exp( 1

2
ζ∗â2 − 1

2
ζâ†2) with the complex squeezing parameter ζ = seiϕ:

Ŝ†(ζ)ρ̂sŜ(ζ) = N exp(−2
√

n2 − |m|2ââ†) (11)

for s = (|l| − j)/4(j + |l|) and ϕ = Arg(l).
Consider that the input field described by the operator â1 is superposed on the other

input field with operator â2 by a lossless symmetric beam splitter, with amplitude reflection
and transmission coefficients r and t. The output-field annihilation operators are given by
ĉ1 = B̂â1B̂

† and ĉ2 = B̂â2B̂
† where the beam splitter operator is [8]

B̂ = exp

[

θ

2
(â†1â2e

iφ − â1â
†
2e

−iφ)

]

(12)

with the amplitude reflection and transmission coefficients t = cos(θ/2) and r = sin(θ/2).
The phase difference φ between the reflected and transmitted fields can be adjusted by
putting a phase shifter.

When the two input fields are Gaussian states, the output state from a beam splitter is

B̂Ŝ1(ζ1)Ŝ2(ζ2)ρ̂
th
1 ρ̂

th
2 Ŝ

†
2(ζ2)Ŝ

†
1(ζ1)B̂

† (13)

where ρth is the density operator for a thermal state and the relation (11) has been used.
Without losing generality, we take the input squeezing parameter to be real while keeping
φ of the beam splitter variable.

It has been found by us [5] that two squeezed states may be maximally entangled when
the beam splitter has θ = π/4 and φ = 0 in which case

B̂Ŝ1(s1)Ŝ2(−s2)B̂†
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= Ŝ1

(

s1 − s2
2

)

Ŝ2

(

s1 − s2
2

)

Ŝ12

(

s1 + s2
2

)

(14)

where Ŝ12(ζ) = exp(−ζâ1â2 + ζ∗â†1â
†
2) is the two-mode squeezing operator [9]. Throughout

the paper, s1 and s2 are assumed to be positive. The two-mode output field is represented
by the quadrature matrix in the form of (3) with its elements

n1 =
ñ1

2
e−2s1 +

ñ2

2
e2s2 ; n2 =

ñ1

2
e2s1 +

ñ2

2
e−2s2

c1 =
ñ1

2
e−2s1 − ñ2

2
e2s2 ; c2 =

ñ1

2
e2s1 − ñ2

2
e−2s2

(15)

where ñi = 2n̄i + 1 with the mean photon number n̄i of the thermal state. Substituting
these into the separability criterion (4) we find that the output field is separable if and only
if

(ñ1e
−2s1)(ñ2e

−2s2) ≥ 1. (16)

ñie
−2si is the quadrature variance of the input field, which represents the sub-vacuum noise

level when it is smaller than 1.
For the generation of a squeezed state using a NOPA, even though it is desirable to

produce a two-mode squeezed vacuum, it may well be the case that a two-mode squeezed
thermal field is produced or a two-mode squeezed vacuum is produced but decohered in a
thermal bath. Let us thus consider an two-mode squeezed thermal field represented by its
density operator:

ρ̂s12(ζ) = Ŝ12(ζ)ρ̂
th
1 ρ̂

th
2 Ŝ

†
12(ζ). (17)

By the local rotation operator R̂1(ϕ) = exp(iϕâ†1â1/2), the two-mode squeezed thermal field
can be transformed into ρ̂s12(s). A local unitary operation does not change the nature of
entanglement and the local unitary rotation is easily realized by a phase shifter. Thus we
do not lose generality by studying how to test the entanglement of ρ̂s12(s). We assume that
the temperatures of thermal fields represented by ρ̂th1 and ρ̂th2 are the same: ñ1 = ñ2 ≡ ñ.
In this case, the quadrature matrix of the squeezed thermal field ρ̂s12(s) has the form (3)
with matrix elements:

n1 = n2 = ñ cosh 2s

c1 = −c2 = −ñ sinh 2s. (18)

On the other hand, if a squeezed vacuum is produced by a NOPA but decohered in the
thermal environment with the mean number of thermal photons n̄, the decohered state is
still represented by the form (3) but with its elements [4]

n1 = n2 = e−γt cosh 2s+ ñ(1− e−γt)

c1 = −c2 = e−γt sinh 2s, (19)

where γ is the coupling of the field with the environment. The influence from the environ-
ment to each mode has been assumed same.
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We have seen that most of the two-mode Gaussian states represented by the quadrature
matrices in the form (3) are relevant to current experimental techniques. The quadrature
variables are measured by setting a balanced homodyne detector [7], which is a well-known
device to detect phase-dependent properties of an optical field, at each mode of the two-mode
field. The operational representation of the balanced homodyne detector is

ÔHD = q̂ cosχ− ip̂ sinχ (20)

where χ depends on the local-oscillator phase. Because the phase of the local oscillator
is not absolute, we must find the local-oscillator phase which gives the off-diagonal terms
of L1, L2 and C vanish. It is straightforward to measure the off-diagonal terms of C by
joint homodyne measurement as V14 = 2〈q1p2〉 and V23 = 2〈q2p1〉. However, measuring the
off-diagonal terms of local matrices are troublesome as it involves the joint measurement of
two quadrature variables for a single mode. To measure the off-diagonal elements of L1 we
may use a heterodyne detector.

A homodyne detector is composed of two photodetectors. Inefficient photodetectors
introduce noise to each mode and reduces the quantum correlation between two modes.
The detection efficiency may thus determine the feasibility of the proposed scheme. If the
efficiencies of the photodetectors are same, homodyne measurement by imperfect detectors
is equivalent to homodyne measurement by perfect detectors following a beam splitter,
one input port of which is fed by the field to be measured and the other by the vacuum
[10]. The efficiency η of the homodyne measurement determines the transmission coefficient√
η of the beam splitter. In fact the fictitious beam splitter affects the testing field as

though it is decohered in the vacuum reservoir. The detection efficiency, assumed the same
for the both homodyne detectors, effectively changes the quadrature matrix from V to
V′ = ηV+ (1− η)1. This is what is measured by imperfect homodyne detectors. If V is in
the form V0, the variance matrix V′

0 takes the same form as V0 but with modified matrix
elements n′i = ηni + (1− η) and |c′i| = η|ci| for each i.

Consider the effect of the detection efficiency on the inseparability of the testing fields.
Substituting n′i and c

′
i into Eq. (4) for inefficient detection, we find a state to be entangled

when

(n′ − |c′1|)(n′2 − |c′2|) = η2(δ1δ2 − δ1 − δ2 + 1)

+η(δ1 + δ2 − 2) + 1 < 1. (21)

Rearranging this equation, we can easily find that when the original testing field is character-
ized by δ1 + δ2 < 2, it is always found to be entangled regardless of the detection efficiency
unless the efficiency is zero. With use of (18) we find that a two-mode squeezed thermal
field is extremely robust to the detection efficiency as an entangled two-mode squeezed state

always passes the test of entanglement regardless of detection efficiency.

We have proposed an experimental scheme to test the entanglement of a Gaussian field
for the first time to the best of our knowledge. Our scheme is based on the inseparability
criterion. The present scheme consists of balanced homodyne detectors which are well-
established experimental tools to study quantum optics. We show that the entanglement
imposed in a Gaussian state is measurable persistently against the detection efficiency if
each mode has the roughly symmetric uncertainty over the phase space.
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